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Abstract. We consider the Schrodinger map initial value problem 
dt^p = X A(/p 

with (po : — ^ ^ a smooth Hq map from the Euclidean 
space R'^ to the sphere with subthreshold (< An) energy. Assuming 
an a priori L"^ boundedness condition on the solution (p, we prove that 
the Schrodinger map system admits a unique global smooth solution 
ip £ C(R — ^ Hq) provided that the initial data ipo is sufficiently energy- 
dispersed, i.e., sufficiently small in the critical Besov space B2,ao- Also 
shown are global-in-time bounds on certain Sobolev norms of ip. Toward 
these ends we establish improved local smoothing and bilinear Strichartz 
estimates, adapting the Planchon-Vega approach to such estimates to 
the nonlinear setting of Schrodinger maps. 
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1. Introduction 

We consider the Schrodinger map initial value problem 

I dt^ = (f X Aif 



ip{x,0) = ipo{x), 



with (^0 : R R^ 
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The system (jl.ip enjoys conservation of energy 

Ei^it)) ■■=11 \dMt)\''dx (1.2) 

and mass 

M{^{t)) := [ \ip{t)-Q\^dx, 

where Q € is some fixed base point. When d = 2, both (jl.ip and (|1.2p 
are invariant with respect to the scahng 

(fix, t) ip{Xx, X^t), A > 0, (1.3) 

in which case we call (jl.ip energy- critical In this article we restrict ourselves 
to the energy-critical setting. 

For the physical significance of (jl.ip , see P ESI ESI E2] • The system also 
arises naturally from the (scalar-valued) free linear Schrodinger equation 

[dt + iA)u = 

by replacing the target manifold C with the sphere R^, which then 

requires replacing Am with {u*'V)jdjU = Am— _L (Am) and i with the com- 
plex structure m x •. Here _L denotes orthogonal projection onto the normal 
bundle, which, for a given point (x,t), is spanned by u{x,t). For more gen- 
eral analogues of ([Ll]), e.g., for Kahler targets other than S^. see p^lMl lHT]. 
See also |25 j l26 j [5] for connections with other spin systems. The local theory 
for Schrodinger maps is developed in [501 [U [l2l El] • For global results in the 
d = 1 setting, see [11 [l2]. For d > 3, see jSl El [21 [201 [22l H]. Concerning the 
related modified Schrodinger map system, see [23l [24l [37] . 

The small-energy (take d = 2) theory for (jl.ip is now well- understood: 
building upon previous work (e.g., see below or [H §1] for a brief history), 
global wellposedness and global-in-time bounds on certain Sobolev norms 
are shown in [4] given initial data with sufficiently small energy. The high- 
energy theory, however, is still very much in development. One of the main 
goals is to establish what is known as the threshold conjecture, which asserts 
that global wellposedness holds for (jl.ip given initial data with energy below 
a certain energy threshold, and that finite-time blowup is possible for certain 
initial data with energy above this threshold. The threshold is directly tied 
to the nontrivial stationary solutions of (jl.ip . i.e., maps (j) into that satisfy 

(/> X A(/) = 

and that do not send all of to a single point of S^. Therefore we identify 
such stationary solutions with nontrivial harmonic maps R2 S^, which 
we refer to as solitons for (jl.ip . It turns out that there exist no nontrivial 
harmonic maps into the sphere with energy less than An, and that the 
harmonic map given by the inverse of stereographic projection has energy 
precisely equal to An =: -Ecrit- We therefore refer to the range of energies 
[0, -Ecrit) as subthreshold, and call Ecnt the critical or threshold energy. 
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Recently, an analogous threshold conjecture was established for wave maps 
(see [milalllTlllH] and, for hyperbolic space, [30l [Ml [Ml Ell [58l [59] ) . When 
is a hyperbolic space, or, as in [471 148] . a generic compact manifold, 
we may define the associated energy threshold -Ecrit = -E'crit(-A^) as follows. 
Given a target manifold M, consider the collection S of all non-constant 
finite-energy harmonic maps (p : A4. If this set is empty, as is, for 

instance, the case when Ai is equal to a hyperbolic space H"^, then we 
formally set -Bcrit = +oo. If S is nonempty, then it turns out that the set 
{E((p) : <j) £ S} has a least element and that, moreover, this energy value 
is positive. In such case we call this least energy -Ecrit- The threshold E'crit 
depends upon geometric and topological properties of the target manifold 
A4; see [33l Chapter 6] for further discussion. This definition yields E'crit = 
47r in the case of the sphere S^. For further discussion of the critical energy 
level in the wave maps setting, see [ISl [55] . 

We now summarize what is known for Schrodinger maps in d = 2. Some of 
these developments postdate the submission of this article. Asymptotic sta- 
bility of harmonic maps of topological degree |m| > 4 under the Schrodinger 
flow is established in [IT]. The result is extended to maps of degree |m| > 3 
in [18]. A certain energy-class instability for degree- 1 solitons of is 
shown in [5], where it is also shown that global solutions always exist for 
small localized equivariant perturbations of degree- 1 solitons. Finite-time 
blowup for (jl.ip is demonstrated in [36l [35] , using less-localized equivariant 
perturbations of degree- 1 solitons, thus resolving the blowup assertion of 
the threshold conjecture. Global wellposedness given data with small criti- 
cal Sobolev norm (in all dimensions d > 2) is shown in [5]. Recent work of 
the author [l5] extends the result of [1] and the present conditional result to 
global regularity (in d = 2) assuming small critical Besov norm i?2 oo ■ the 
radial setting (which excludes harmonic maps), [16] establishes global well- 
posedness at any energy level. Most recently, [1] establishes global existence 
and uniqueness as well as scattering given 1-equivariant data with energy 
less than 47r. Although stating the results only for data with energy less 
than 47r, [1] also notes that their proofs remain valid for maps with energy 
slightly larger than 4tt, suggesting that the "right" threshold conjecture for 
Schrodinger maps should be stated also in terms of homotopy class, leading 
to a threshold of 8ir rather than An in the case where the target is S^. See 
the Introduction of [1] for further discussion of this point. 

The main purpose of this paper is to show that (II. Ih admits a unique smooth 
global solution (p given smooth initial data (po satisfying appropriate energy 
conditions and assuming a priori boundedness of a certain spacetime 
norm of the spatial gradient of the solution ip. In particular, we admit a 
restricted class of initial data with energy ranging over the entire subthresh- 
old range. As such, our main result is a small step toward a large data 
regularity theory for (II. ip and the attendant threshold conjecture. 
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In order to go beyond the small-energy results of , we introduce physical- 
space proofs of local smoothing and bilinear Strichartz estimates, in the 
spirit of [m HOl ED] , that do not heavily depend upon perturbative meth- 
ods. The local smoothing estimate that we establish is a nonlinear analogue 
of that shown in |20j . The bilinear Strichartz estimate is a nonlinear ana- 
logue of the improved bilinear Strichartz estimate of [8] . These proofs more 
naturally account for magnetic nonlinear ities, and the technique developed 
here we believe to be of independent interest and applicable to other set- 
tings. For local smoothing in the context of Schrodinger equations, see 
[271 [281 EHl [m [201 [22]. For other Strichartz and smoothing results for mag- 
netic Schrodinger equations, see |l6l [TOl [TTl [131 [HI [IS] the references 
therein. We also use in a fundamental way the subthreshold caloric gauge 
of im, which is an extension of a construction introduced in [53] . 

To make these statements more precise, we now turn to some basic defini- 
tions and elementary observations. 

1.1. Preliminaries. First we establish some basic notation. The boldfaced 
letters Z and R respectively denote the integers and real numbers. We 
use Z+ = {0, 1,2. . .} to denote the nonnegative integers. Usual Lebesgue 
function spaces are denoted by L^, and these sometimes include a subscript 
to indicate the variable or variables of integration. When function spaces 
are iterated, e.g., L^L^, the norms are applied starting with the rightmost 
one. When we use without subscripts, we mean Lf^- 

We use to denote the standard 2-sphere embedded in 3-dimensional Eu- 
clidean space: {x G R'^ : \x\ = 1}. The ambient space R^ carries the usual 
metric and the inherited one. Throughout, denotes the unit circle. 

We use dx = (9x1, ^^j) — {di-,d2) to denote the gradient operator, as 
throughout "V" will stand for the Riemannian connection on S^. As usual, 
"A" denotes the (flat) spatial Laplacian. 

The symbol \dx\'^ denotes the Fourier multiplier with symbol j^l'^. We also 
use standard Littlewood-Paley Fourier multipliers Pk and P<k-, respectively 
denoting restrictions to frequencies ~ 2^ and < 2*^; see section ^for precise 
definitions. We use / to denote the Fourier transform of a function / in the 
spatial variables. 

We also employ without further comment (finite-dimensional) vector- valued 
analogues of the above. 

We use / ^ 5 to denote the estimate |/| < C\g\ for an absolute constant 
C > 0. As usual, the constant is allowed to change line-to-line. To indicate 
dependence of the implicit constant upon parameters (which, for instance, 
can include functions), we use subscripts, e.g. / <k 9- As an equivalent 
alternative we write / = 0{g) (or, with subscripts, / = Ok{g), for instance) 
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to denote |/| < C\g\. If both f ^ g and g ^ f, then we indicate this by 
writing f ^ g. 

Now we introduce the notion of Sobolev spaces of functions mapping from 
Euclidean space into . The spaces are constructed with respect to a choice 
of base point Q S S^, the purpose of which is to define a notion of decay: 
instead of decaying to zero at infinity, our Sobolev class functions decay to 
Q. 

For a G [0, oo), let H'' = H''{Yi^) denote the usual Sobolev space of complex- 
valued functions on R^. For any Q G S^, set 

H"^ := {/ : R2 ^ such that = 1 a.e. and / - Q e H"}. 

This is a metric space with induced distance dq^f^g) = \\f — g\\H'^ ■ For 
/ e Hq we set ||/||_f/g = c^q(/, Q) for short. We also define the spaces 

_ Pi _ Pi 

For any time T G (0,oo), the above definitions may be extended to the 
spacetime slab R^ x (-T, T) (or R^ x [-T, T]). For any a,p£Z+, let H'''P{T) 
denote the Sobolev space of complex-valued functions on R^ x (— T, T) with 
the norm 

WfWH^.i^T) ■■= sup Y.\\dP' f{-MH^, 

and for Q G endow 

Hq^ := {/ : B?x{-T,T) R^ such that \f{x,t)\ = 1 a.e. and f-Q G H'''P{T)} 
with the metric induced by the H^'f{T) norm. Also, define the spaces 
ffccoc^T^ ^ pj H'^'PiT) and H^^°°{T) = Q H^^{T). 

For / G H°° and o" > we define the homogeneous Sobolev norms as 

11/11^. = 11/(0 -iniL- 

We mention two important conservation laws obeyed by solutions of the 
Schrodinger map system In particular, if 99 G C{{Ti,T2) — )• Hq^) 

solves (jl.ip on a time interval (Ti,T2), then both 

/ \ip{t) - Ql"^ dx and / \d:„ip{t)\^ dx 

are conserved. Hence the Sobolev norms Hq and Hq are conserved, as well 
as the energy (jl.2p . Note also the time-reversibility obeyed by (jl.ip . which 
in particular permits the smooth extension to (— T, T) of a smooth solution 

on [o,r). 
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According to our conventions, 

\dMt)\' ■■= E \dmV>it)\'- 
m=l,2 

We can now give a precise statement of a key known local result. 

Theorem 1.1 (Local existence and uniqueness). // the initial data ipQ is 
such that ipo G Hq for some Q £ S^, then there exists a time T = 
T(||93o||//25) > for which there exists a unique solution if S C{[—T,T] — )• 
Hq) of the initial value problem 

Proof. See [501 13 HI El] and the references therein. □ 

1.2. Global theory. Theorem II . II vields short-time existence and unique- 
ness as well as a blow-up criterion; as such it is central to the continuity 
arguments used for global results. In the small-energy setting, global reg- 
ularity (and more) was proved for (jl.ip by Bejenaru, lonescu, Kenig, and 
Tataru [Ij. We now state a special case of their main result, omitting for the 
sake of brevity the consideration of higher spatial dimensions and continuity 
of the solution map. 

Theorem 1.2 (Global regularity). Let Q G S^. Then there exists an Eq > 
such that, for any ipQ G Hq with \\dx^o\\Ll — ^0' there is a unique solution 
(p G C(R —7- Hq) of the initial value problem U.l\) . Moreover, for any 
T G [0,oo) and a G Z+, 

sup \\(p{t)\\H- <a,T,\\vo\\H'' 1- 
te(-T,T) ^ Q 

Also, given any ui G Z-|_, there exists a positive ei = ei(cTi) < Eq such that 
the uniform bounds 

SUp||(/9(t)||H5 <a Ibolkg 

hold for all 1 < a < ai, provided \\dx^o\\L-2^ < £i- 

A complete proof may be found in [1]. Among the key contributions of their 
work are the construction of the main function spaces and the completion 
of the linear estimate relating them, which includes an important maximal 
function estimate. A significant observation of [4], emphasized in their work, 
is that it is important that these spaces take into account a local smoothing 
effect; [4] crucially uses this effect to help bring under control the worst 
term of the nonlinearity. Another novelty of [4] is its implementation of 
the caloric gauge, which was first introduced by Tao [53] and subsequently 
recommended by him for use in studying Schrodinger maps [51]. As the 
caloric gauge is defined using harmonic map heat flow, it can be thought 
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of as an intrinsic and nonlinear analogue of classical Littlewood-Paley the- 
ory. In [4j, both the intrinsic caloric gauge and the extrinsic (and modern) 
Littlewood-Paley theory are used simultaneously. 

Our main result extends Theorem 11.21 

Theorem 1.3. Let T > and Q e S^. Let eo > and let ip G Hq''^{T) 
he a solution of the Schrddinger map system whose initial data ipQ has 
energy Eq := E{ipo) < -Ecrit end satisfies the energy dispersion condition 

sup||Pfc(9^.(/9ollL2 < eo- (1-4) 
fcez 

Let L D {—T,T) denote the maximal time interval for which there exists a 
smooth (necessarily unique) extension ofip satisfying iLl\) . Suppose a priori 
that 

^\\PkdM\^^ii^ji^)<4- (1-5) 

fcGZ 

Then, for Sq sufficiently small, 

sup \\^{t)\\H- <a.T,\M\H- 1' (1-6) 

for all a G Z_|_. Additionally, L = Ti, so that, in particular, ip admits 
a unique smooth global extension ip G C(R — )• Hq')- Moreover, for any 
cJi G Z_|_, there exists a positive ei = ei(cTi) < eo such that 

l|y'llL^H5(RxR2) <a ||</'IUg(R2) (1-7) 

holds for all < a < CTi provided ll[1.4\ ) cmd U.5\) hold with ei in place of Eq. 

Note that the energy dispersion condition (jl.4p holds automatically in the 
case of small energy. In such case, our proofs may be modified (essentially 
by collapsing to or reverting to the arguments of [1]) so that the a priori 
bound is not required. Such an L^ bound, however, can then be seen to 
hold a posteriori. 

Using time divisibility of the L^ norm, we can replace (jl.Sp with 

fcez 

for any K > Q provided we allow the threshold for eo a-nd the implicit 
constant in (II. 7p to depend upon K > We work with (jl.Sp as stated so 
as to avoid the additional technicalities that would arise otherwise. 

We now turn to a very rough sketch of the proof of Theorem II. 3^ for a 
detailed outline, see ® 

Basic setup and gauge selection. 
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It suffices to prove homogeneous Sobolev variants of ()1.6p and (II. 7p over 
a suitable range. Thanks to mass and energy conservation, we need only 
consider cr > 1. For o" > 1, controlling is equivalent to controlling 

ll'9x'/'(i)||^<T-i- We therefore consider the time evolution of dx'^, which may 
be written entirely in terms of derivatives of the map ip. A more intrinsic 
way of expressing these equations is to select a gauge rather than an extrinsic 
embedding and coordinate system. We employ the caloric gauge, which is 
geometrically natural and is analytically well-suited for studying Schrodinger 
maps. See [44] for the complete details of the construction. It turns out that 
Sobolev bounds for the gauged derivative map imply corresponding Sobolev 
bounds for the ungauged derivative map. We schematically write the gauged 
equation as 

{dt - A)V' = M, 

where tp is dx'-p placed in the caloric gauge and is a nonlinearity con- 
structed in part from ip and dxip- 

Function spaces and their interrelation. 

To prove global results in the energy-critical setting, we of course must 
look for bounds other than energy estimates to control the solution. Lo- 
cal smoothing estimates and Strichartz estimates will be among the most 
important required. Our goal is to prove control over if: within a suitable 
space through the use of a bootstrap argument. A standard setup requires 
a space, say G, for the functions ip and a space, say N , for the nonlinearity 
M. In fact, we work with stronger, frequency-localized spaces, Gk and Nk, 
to respectively hold P^ip and PkM . We want them to be related at least by 
the linear estimate 

mnc, < wPki'it = 0)11^2 + wPkAfWN,. 

The hope, then, is to control ||PfcAA||Ar^ in terms of ||PfcV(^ = s-i^d 
ellPfci/'llGfe (with e small), so that, by proving (under a bootstrap hypothesis) 
a statement such as 

\\Pki^\\G,<\\Pk^{t = 0)h2+e\\Pki;\\G„ 

we may conclude 

\\Pki^\\G,<\\PkHt = 0)\\^. (1.8) 
Once (11. Sp is proved, showing (11. 6|) and (jl.7p is reduced to the comparatively 
easy tasks of unwinding the gauging and frequency localization steps so as 
to conclude with a standard continuity argument. 

Controlling the nonlinearity. 

In this context, the main contribution of this paper lies in showing that 
we may conclude (II. Sp without assuming small energy. The most difficult- 
to-control terms in the nonlinearity PkM are those involving a derivative 
landing on high-frequency pieces of the derivative fields; we represent them 
schematically as Aiodi/j^i. Local smoothing estimates controlling the linear 
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evolution (introduced in [20^ I22j ) were successfully used in ^ to handle 
^loC^xV'hi- These are not strong enough to control Aiodxipm in the sub- 
threshold energy setting. We instead pursue a more covariant approach, 
working directly with a certain covariant frequency-localized Schrodinger 
equation (see Our approach is also physical-space based, in the vein of 
ini HQI [60], and modular. 

2. Gauge field equations 

In ^2.1l we pass to the derivative formulation of the Schrodinger map system 
(jl.ip . All of the main arguments of our subsequent analysis take place at this 
level. The derivative formulation is at once both over deter mined, reflecting 
geometric constraints, and underdetermined, exhibiting gauge invariance. 
^2.21 introduces the caloric gauge, which is the gauge we select and work 
with throughout. Both [51] and [1] give good explanations justifying the 
use of the caloric gauge in our setting as opposed to alternative gauges. 
The reader is referred to [H] for the requisite construction of the caloric 
gauge for maps with energy up to -Ecrit- ^2.31 deals with frequency localizing 
components of the caloric gauge. Proofs are postponed to ^so that we can 
more quickly turn our attention to the gauged Schrodinger map system. 

2.1. Derivative equations. We begin with some constructions valid for 
any smooth function (p : K? x (—T,T) — )■ S^. For a more general and 
extensive introduction to the gauge formalism we now introduce, see |53| . 
Space and time derivatives of cp are denoted by da4>{x,t), where a = 1,2,3 
ranges over the spatial variables xi,X2 and time t with = dt- 

Select a (smooth) orthonormal frame {v{x, t),w{x, t)) for T^(^ j)S^, i.e., smooth 
functions v, w : x (— T, T) — t- T^(a,^t)S^ such that at each point (x, t) in the 
domain the vectors v{x,t),w{x,t) form an orthonormal basis for T^(3,^^)S^. 
As a matter of convention we assume that v and w are chosen so that 

V X W = (j). 

With respect to this chosen frame we then introduce the derivative fields 
i^a, setting 

tpa '■= V ■ dci4> + iw ■ da4>- (2-1) 
Then da4> admits the representation 

dacp = V Re(V'Q) + w lm{i;a) (2.2) 

with respect to the frame {v,w). The derivative fields can be thought of 
as arising from the following process: First, rewrite the vector da4' with 
respect to the orthonormal basis {v,w); then, identify with the complex 
numbers C according to f o 1, ■(/; -H- i. Note that this identification respects 
the complex structure of the target manifold. 
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Through this identification the Riemannian connection on pulls back to 
a covariant derivative on C, which we denote by 

The real-valued connection coefficients are defined via 

Aa:=w- daV, (2.3) 

so that in particular 

daV = —(j) Re('i/'a) + wAa 
daW = —(j) Im('0Q,) — vAa- 

Due to the fact that the Riemannian connection on is torsion-free, the 
derivative fields satisfy the relations 

Dpi^a = Dai^p. (2.4) 

or equivalently, 

The curvature of the connection is therefore given by 

[Dp, Do] := DpDa - DaDp = iqp^- (2.5) 

Assuming now that we are given a smooth solution ip of the Schrodinger 
map system (jl.ip . we derive the equations satisfied by the derivative fields 
il^a- The system (jl.ip directly translates to 

ipt = iDi^l^i (2.6) 

because 

If X A99 = J{ip){ip*V)jdjip, 

where J{^) denotes the complex structure cpx and {ip*V)j the pullback of 
the Levi-Civita connection V on the sphere. 

Let us pause to note the following conventions regarding indices. Roman 
typeface letters are used to index spatial variables. Greek typeface letters 
are used to index the spatial variables along with time. Repeated lettered 
indices within the same subscript or occurring in juxtaposed terms indicate 
an implicit summation over the appropriate set of indices. 

Using ([23]) and ([23]) in (USD yields 

Dtlpm = iDiDilpm + qimlpl, 

which is equivalent to the nonlinear Schrodinger equation 

{idt + A)i^^ = Af^, (2.7) 
where the nonlinearity Mm is defined by the formula 

Mm ■■= -iAidiipm - idiiAitpm) + {At + Al)i>m - iilJelm.{il)iil)m)- 
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We split this nonlinearity as a sum Mm = Bm + Vm with Bm and Vm defined 
by 

Bm ■■= -idi{Aitpm) - iAideipm (2.8) 

and 

Vm := {At + Al)^Pm - iipdraiWM, (2.9) 
thus separating the essentiahy semihnear magnetic potential terms and the 
essentially semiilinear electric potential terms from each other. 

We now state the gauge formulation of the differentiated Schrodinger map 
system: 

Dttpm = iDiDilpm + Iin{il;itpm)'>Pl 

Da^0_ =D^i>a (2.10) 
lm.{lpa1pfs) = daAp - dfiAa. 

A solution tpm to (j2.10p cannot be determined uniquely without first choos- 
ing an orthonormal frame {v^w). Changing a given choice of orthonormal 
frame induces a gauge transformation and may be represented as 

in terms of the gauge components. The system (j2.10p is invariant with 
respect to such gauge transformations. 

The advantage of working with this gauge formalism rather than the Schrodinger 
map system or the derivative equations directly is that a carefully selected 
choice of gauge tames the nonlinearity. In particular, when the caloric gauge 
is employed, the nonlinearity in (j2.7p is nearly perturbative. 

2.2. Introduction to the caloric gauge. In this section we introduce the 
caloric gauge, which is the gauge we shall employ throughout the remainder 
of the paper. Gauges were first used to study (jl.ip in [9]. We note here 
that the while the Coulomb gauge would seem an attractive choice, it turns 
out that this gauge is not well-suited to the study of Schrodinger maps in 
low dimension, as in low dimension parallel interactions of waves are more 
probable than in high dimension, resulting in unfavorable high x high — t- low 
cascades. See [51] and [1] for further discussion and a comparison of the 
Coulomb and caloric gauges. Also see |54l Chapter 6] for a discussion of 
various gauges that have been used in the study of wave maps. 

The caloric gauge was introduced by Tao in [53] in the setting of wave 
maps into hyperbolic space. In a series of unpublished papers [55l [56l [57l 
[SHlllH], Tao used this gauge in establishing global regularity of wave maps 
into hyperbolic space. In his unpublished note [51], Tao also suggested the 
caloric gauge as a suitable gauge for the study of Schrodinger maps. The 
caloric gauge was first used in the Schrodinger maps problem by Bejenaru, 
lonescu, Kenig, and Tataru in [4] to establish global well-posedness in the 
setting of initial data with sufficiently small critical norm. We recommend 
[53t [56l [5T| H] for background on the caloric gauge and for helpful heuristics. 
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Theorem 2.1 (The caloric gauge). Let T G (0,oo), Q G 5^, and let 

(j){x,t) £ Hq'°°(T) be such that supjg^.j.'j-) < -Ecrit- Then there 

exists a unique smooth extension (f){s,x,t) G C([0,oo) — t- H'^'°°{T)) solving 
the covariant heat equation 

a,0 = + </.•! 2 (2.11) 

and with (j){0,x,t) = <j){x,t). Moreover, for any given choice of a (constant) 
orthonormal basis {voo,Woo) of TqS^, there exist smooth functions v,w : 
[0, oo) X X (— T, T) — )• such that at each point (s, x, t), the set {v, w, cp} 
naturally forms an orthonormal basis for H^, the gauge condition 

wdsv = 0, (2.12) 

is satisfied, and 

m{s)\ <p (2.13) 
for each / G {4> — Q,v — Voo-,w — Woo}, multiindex p, and s > 0. 

Proof. This is a special case of the more general result [441 Theorem 7.6]. 
Whereas in [1^ everything is stated in terms of the category of Schwartz 
functions, in fact this requirement may be relaxed to Hq'°°(T) without 
difficulty (at least in the case of compact target manifolds) since weighted 
decay in L^-based Sobolev spaces is not used in any proofs. □ 

In our application in this paper, E{ip{t)) is conserved. Therefore, here and 
elsewhere, we set £"0 := E{lpq). 

Having extended w along the heat flow, we may likewise extend Ax along 
the flow. We record here for reference a technical bound from 03] that 
proves useful. 

Theorem 2.2. Assume the conditions of Theorem \2.1\ are in force. Then 
the following bound holds: 

Px(s)||Li(R2) <E, 1. (2.14) 

Proof. See [Ml §§7, 7.1]. □ 

Corollary 2.3 (Energy bounds for the frame). Suppose that ip is a Schrddinger 
map with energy Eq < ii^crit- Then it holds that 

Wdxvh'^Ll ^Eo 1- (2.15) 

Proof. Because \v\ = 1, it holds that v ■ dmV = 0. Therefore, with respect to 
the orthonormal frame {v,w,Lp), the vector dmV admits the representation 

dmV = Am ■ w -Re{ipm) ■ (2.16) 

The bound (|2.15|) then follows from using = 1 = |(^|, HV'mllLi = HSmV'llLl) 
energy conservation, and (|2.14p all in (I2.16p . □ 
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Adopting the convention do = dg, and now and hereafter ahowing ah Greek 
indices to range over heat time, spatial variables, and time, we define for all 
{s,x,t) G [0,00) X X [—T,T) the various gauge components 

Ipa '■= V • da^ + iw • 

Act := w ■ daV 
Dq, := da + 

(lafi '■= daAp — dpAa- 

For a = 0, 1, 2, 3 it holds that 

da^ = V Re(V'o) + w Im('(/'o). 

The parallel transport condition w ■ dgV = is equivalently expressed in 
terms of the connection coefficients as 

As = 0. (2.17) 

Expressed in terms of the gauge, the heat flow (I2.11|) lifts to 

= W^ (2.18) 

Using (12. 4p and (12.5p . we may rewrite the Dm covariant derivative of (j2.18p 
as 

dslpm = DiDilpm + ilTa.{'ll)nill^()li)i, 

or equivalently 

{ds - A)lpm = iAiditjjrn + i9^(^£'0m) " ^^"^m + i'>pl>l'^{-lpl>1pm) ■ (2.19) 

More generally, taking the covariant derivative, we obtain 

{ds - A)V'a = (2.20) 

where we set 

Ua := iAidiiia + ide{Ae'tpa) - Altpa + i'ipel'ai{'ipe'ipa), (2.21) 
which admits the alternative representation 

Ua = 2iAedeil^a + i{diAi)^a - Ali^^ + iipe^MWe^a)- (2.22) 
From (j23]) and (pTTl) it follows that 

dsAa = Iin{'ipsiJa)- 
Integrating back from s = oo (justified using ()2.13p ) yields 

Aa{s) = - Im(V^Vs)(s') ds'. (2.23) 

J s 

At s = 0, if satisfies both (II. 1[) and (I2.1ip . or equivalently, tpt{s = 0) = 
iips{s = 0). While for s > it continues to be the case that V's = D£ip£ 
by construction, we no longer necessarily have ipt{s) = iD£{s)'il:£{s)., i.e., 
(^(s, X, t) is not necessarily a Schrodinger map at fixed s > 0. In the following 
lemma we derive an evolution equation for the commutator ^ = ■0^ — i-i/j^. 
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Lemma 2.4 (Flows do not commute). Set ^ := ipt — iips- Then 

ds^ = DeDel' + ilm{^Pti'e)A - Im(V'sV^£)V'£ (2.24) 
= DiDi^ + ilm{^'ilji)'ilje + ilm{i'ilJs4>£)A - Im(V'sV'£)V'^ (2.25) 



Proof. We prove (I2.24p . since (I2.25P is a trivial consequence of it. 
Applying (j2.19p and ()2.20p to ips and ipt and collapsing the covariant deriv- 



ative terms yields 

dsi^t = DeDeil^t + ilm{i^tWe)i^e (2.26) 

dgips = DiDiijjs + ilm{tl;sTpe)'il^e. (2.27) 

Multiply ()2.27p by i to obtain the s-evolution of i^l^s■ Multiplication by i 
commutes with Df, but fails to do so with Im(-), and thus we obtain 

dsiipm = DeDeiips - Im{'ij;sip£)il^i. (2.28) 

Together STWf and STTEl} imply ^^TM^ . □ 



2.3. Frequency localization. Frequency localization plays an indispens- 
able role in our analysis. In this subsection we establish some basic concepts 
and then state some basic results for the caloric gauge. 

Our notation for a standard Littlewood-Paley frequency localization of a 
function / to frequencies ~ 2'^ is Pkf and to frequencies < 2^^ is P<kf ■ The 
particular localization chosen is of course immaterial to our analysis, but 
for definiteness is specified in the next section and chosen for convenience 
to coincide with that in [4]. 

We shall frequently make use of the following standard Bernstein inequalities 
for with cr > and 1 < p < q < oo: 

\\P<k\dxV fWlliU?) ^p,o- 2'^'''||-P<fc/||LS(R2) 
\\Pk\dx\'^''f\\LP(R'2) ^p,<7 2'^'^''||Pfc/||LS(R2) 

\\P<kf\\LUTl-) <p,q 22'=(^/^"^/^)||P<fc/||iP(R.) 

A particularly important notion for us is that of a frequency envelope, as it 
provides a way to rigorously manage the "frequency leakage" phenomenon 
and the frequency cascades produced by nonlinear interactions. We intro- 
duce a parameter 6 in the definition; for the purposes of this paper 6 = 
suffices. 

Definition 2.5 (Frequency envelopes). A positive sequence {ak}kez is a 
frequency envelope if it belongs to £^ and is slowly varying: 

afc < aj2'^l'=-^l, j,keZ. (2.29) 
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A frequency envelope {ak}kez is e-energy dispersed if it satisfies the addi- 
tional condition 

sup Ofc < e. 
fcez 

Note in particular that frequency envelopes satisfy the following summation 
rules: 

6)~hP''ak p>8 (2.30) 

5)-^2-P^ak p>d. (2.31) 

k'>k 

In practice we work with p bounded away from 6, e.g., p > 26 suffices, and 
iterate these inequalities only 0(1) times. Therefore, in applications we drop 
the factors {p — 6)~^ appearing in (j2.30p and (|2.3ip . 

Finally, pick a positive integer cji and hold it fixed throughout the remainder 
of this section. Results in this section hold for any such ai, though implicit 
constants are allowed to depend upon this choice. 

Given initial data tpo G Hq, define for all o" > and /c G Z 

Ck{a) := sup 2-^l'="^-'l2'^^'||Pfc,9,(^o||L2. (2.32) 

fc'GZ 

Set Cfc := Cfe(O) for short. For a £ [0,(7i] it then holds that 

11^x^0 11^. ~ (a) and \\Pkd^ipo\\Ll < Ckia)!-'''' . (2.33) 

fcGZ 

Similarly, for if G H'^'°°{T), define for all o" > and A; G Z 

7fe(a) := sup 2-^l'^-'='l2-'=' .co^^ . (2.34) 

Set 7fc := 7fc(l). 

Theorem 2.6 (Frequency-localized energy bounds for heat fiow). Let f G 

{lP,v,w}. Then for a G the bound 

\\Pkfis)\\L^Ll < 2-'^Sfc(a)(l + s2'')-'^ (2.35) 
holds and for any cr, p £ Z_(_ it holds that 

sup sup {l + sf/^2''''\\Pkd^f(s)\\Lo.L2<oo. (2.36) 

fcGZ<ie[0,oo) ' 

Corollary 2.7 (Frequency- localized energy bounds for the caloric gauge). 
For a G [0,(Ti — 1], it holds that 

\\PkMs)\\LrLl + WPkAMhr^Ll < 2'=2-'^S(c7)(l + s22'=)-20. (2.37) 



k'<k 

Y^2-P^'a,,<{p- 
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Moreover, for any a G 2+, 

sup sup (l+sr/22-^^2-'=(||Pfc(afV'x(s))||LrLi + ll^fc(^f^-(^))llLrLi) < 
fceZs6[0,oo) ^ ^ 

(2.38) 

and 

sup sup {l + sr/'2'^'(\\Pk{d?MsmLrLl + \\Pkid^MmLr'Ll)<00. 
feGZse[0,oo) ^ ^ 

(2.39) 

We prove Theorem 12.61 and its corollary in fj6l 

Note that Corollary 12.71 has as an elementary consequence the following: 
Corollary 2.8. For a G [0,ai — 1], it holds that 

\\PkMO,;0)\\Ll<'i-'''ck{a). (2.40) 



3. Function spaces and basic estimates 
3.1. Definitions. 

Definition 3.1 (Littlewood-Paley multipliers). Let % : R — [0,1] be a 
smooth even function vanishing outside the interval [—8/5,8/5] and equal 
to 1 on [-5/4,5/4]. For j £ Z, set 

X,(-) = %(-/2^) - VoU2^~'), X<,(-) = %(-/2^). 

Let Pfc denote the operator on L°°(R?) defined by the Fourier multiplier 
C ~^ Xkil^D- For any interval / C R, let xi be the Fourier multiplier defined 
by XI = J2jelnz l^t P/ denote its corresponding operator on L°°(R^). 

We shall denote -P(_oo,fc] by P<k for short. For 6 £ and A; G Z, we define 
the operators Pk^g by the Fourier multipliers S, ^ Xk{^ ' (^)- 

Some frequency interactions in the nonlinearity of (j2.7p can be controlled 
using the following Strichartz estimate: 

Lemma 3.2 (Strichartz estimate). Let f G L'^(R?) and /c G Z. Then the 
Strichartz estimate 

holds, as does the maximal function bound 

\\e''''Pkf\\LiLr<2'^'\\f\\Ll- 
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The first bound is the original Strichartz estimate (see [l9j) and the sec- 
ond follows from scaling. These will be augmented with certain lateral 
Strichartz estimates to be introduced shortly. Strichartz estimates alone are 
not sufficient for controlling the nonlinearity in (j2.7p . The additional con- 
trol required comes from local smoothing and maximal function estimates. 
Certain local smoothing spaces localized to cubes were introduced in [27] 
to study the local wellposedness of Schrodinger equations with general de- 
rivative nonlinearities. Stronger spaces were introduced in [21j to prove a 
low-regularity global result. In the Schrodinger map setting, local smoothing 
spaces were first used in [20] and subsequently in [22l [21 [6] . The particular 
local smoothing/maximal function spaces we shall use were introduced in 



For a unit length 9 G S^, we denote by Hq its orthogonal complement in 
with the induced measure. Define the lateral spaces L^'"^ as those consisting 
of all measurable / for which the norm 



is finite. We make the usual modifications when p = oo or q = oo. The 
most important spaces for our analysis are the local smoothing space L'^''^ 

1 2 

and the inhomogeneous local smoothing space Lq . To move between these 
spaces we use the maximal function space Lq''^ . 

The following two estimates were shown in [20] and [22j : 

Lemma 3.3 (Local smoothing). Let f G L^(R^), k £ Z, and 9 £ . Then 



holds for dimension d > 3. 

In d = 2, the maximal function bound fails due to a logarithmic divergence. 
In order to overcome this, we exploit Galilean invariance as in [3] (the idea 
goes back to [61] in the setting of wave maps). 

For p,q € [1, oo], ^ G S^, A G R, define L^'^ using the norm 




For f G -L^(R'^), the maximal function space bound 



e^*^P,/||^.,oo<2'=('^-i)/2 11/11^. 




where T^, denotes the Galilean transformation 



r^(/)(x,t) = e-^^-'"/V^*i 



l^f{x + tw,t). 
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With W CH finite we define the spaces ig'^ by 

For A; G Z, /C G Z+, set 

Wk := {A G [-2^2*^] : 2'=+2^A G Z}. 

In our application we shall work on a finite time interval [—2"^^, 2^^] in order 
to ensure that the Wk are finite. This still suffices for proving global results 
so long as our effective bounds are proved with constants independent of 
T,JC. As discussed in ^ §3], restricting T to a finite time interval avoids 
introducing additional technicalities. 

Lemma 3.4 (Local smoothing/maximal function estimates). Let f G L^(R^), 
/c G Z, and G S^. Then 

\\e''^Pk,efh-.2<2-^/'\\fh2, |A|<2'=-40, 
and moreover, ifT^ (0,2^^], then 

\\l[^T,T]{t)e''^Pkfh-.^ <2'/'\\fhi. 

8>W-fc+40 



Proof. The first bound follows from Lemma 13.31 via a Galilean boost. The 
second is more involved and proven in ^ §7]. □ 

Lemma 3.5 (Lateral Strichartz estimates). Let f G L^(R^), A; G Z, and 
61 G Let 2 < p < oo,2 < q < oo and 1/p+l/q = 1/2. Then 

l|e^*^^'M/llL-<2'^'/""'/'^ll/llL|, P>q, 
\\e'''^Pkf\\L^-<p2'^'/^~'/'^\fhl, P<q. 



Proof. Informally speaking, these bounds follow from interpolating between 
the Strichartz estimate and the local smoothing/maximal function esti- 
mates of Lemma 13.41 See [H Lemma 7.1] for the rigorous argument. □ 

We now introduce the main function spaces. Let T > 0. For k G Z, let 
4 = {eGR2:|C|G[2^-\2'=+i]}. Let 

Ll{T) := {/ G L2(r2 X [-r,r]) : supp /(C,i) C 4 x [-T,T]}. 

For / G L2(r2 X [-T,T]), let 

If«(T) := WfhrLl + II/IIl^,, + 2-^/2||/||^4i^ 

+ 2-'=/^ sup 11/11^3,. + +2"'=/2 sup 11/11^2,00 . 
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We then define, similarly to as in [3], Fk{T), Gk{T), Ni;{T) as the normed 
spaces of functions in L'^iT) for which the corresponding norms are finite: 

J 

F^m inf inf 2™^' ll/m' II po 

Gfc(T) := 11/11^0(5.) +2^=/^ sup sup||P,-e/|li6,3 

b-fc|<206»esi 

+ 2^^"^ sup sup sup ||Pj^0/||^oo,2 

|j-fe|<20 6»GSl |A|<2*-40 ' 



NkiT) 



_ inf^ ^ ||/,|| /3+2'=/6||/2|| / 

2,6/5 + 2'=/'||/3L3/2,6/5 
/=/l+/2+/3+/4+/5+/6 -^4,=: ^9^ 

+ 2-'=/6||/,|| 2 +2-'=/6||^^|| ^2-'=/2 supll/ell^M , 

where (^1,^2) denotes the canonical basis in R^. 

There are a few minor differences between these spaces and those appearing 
in [1]. The space now includes the lateral Strichartz space L^q'^ , whereas 
in [3], only was endowed with this norm. The net effect on the space 
Gk is that it is left unchanged. The space F^, however, now explicitly 
incorporates this particular lateral Strichartz structure. Note though, that 
for fixed ^ G S^, we have by enough applications of Young's and Holder's 
inequalities that 



2-'/'||/||, 36 =2-^/6 ( / ( / \f{xie + X2,t)fdx2dt] ' dx, 

1/3 

< 2-^/6 ( / || -.||2 WfWr^dx, 



< 




1/3 



1/6 / /■ \ 1/6 

<2-^'/6 [ / ||f||4 dx^] / ||f||?oodxi 



R 



L* + 2 



We also make one change to the Nf^ space: We explicitly incorporate L^J^'^^'^ . 

Incorporating these extra lateral Strichartz spaces affords us greater flex- 
ibility in certain estimates: We can avoid having to use local smooth- 
ing/maximal function spaces if we are willing to give up some decay. This 
tradeoff pays off in ^ where as a consequence we can prove a stronger local 
smoothing estimate for a certain magnetic nonlinear Schrodinger equation 
in the one regime where this improvement is absolutely essential. 

Proposition 3.6 (Main linear estimate). Assume K, G Z+, T G (0,2^'^] 
and k £ Z. Then for each uq £ that is frequency-localized to 1^ and for 
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any h G Nk{T), the solution u of 

{idt + Ai:)n = h, n(0) = uq 

satisfies 

\MGk{T) ^ II'"(0)||l2 + \\h\\Nk(T)- 



Proof. See [H Proposition 7.2] for details. Our changes to the spaces ne- 
cessitate only minor changes in their proof, as we must incorporate L^J^''^^'^ 

01 

and L^J^'^^'^ into the space N^{T). □ 

The spaces Gk{T) are used to hold projections Pkipm of the derivative 
fields ijjm satisfying (j2.7p . The main components of Gk(T) are the lo- 
cal smoothing/maximal function spaces , L^'^^^^^, and the lateral 
Strichartz spaces. The local smoothing and maximal function space compo- 
nents play an essential role in recovering the derivative loss that is due to 
the magnetic nonlinearity. 

The spaces Nk{T) hold frequency projections of the nonlinearities in (j2.7p . 
Here the main spaces are the inhomogeneous local smoothing spaces L^q'w^ 
and the Strichartz spaces, both chosen to match those of Gk{T). 

The spaces Gk(T) clearly embed in Fk{T). Two key properties enjoyed only 
by the larger spaces Fk(T) are 



iFfe(T) - \\J \\F^:+,{T), 

for A; G Z and / G Ffc(T) n Fk+i{T), and 

\\Pkiuv)\\F^^T) < \\u\\f^,{T)\\v\\l'^^ 

for k,k' e Z, \k-k'\ < 20, n G Fk'{T), v G L°°(R2 x [-T,T]). Both of these 
properties follow readily from the definitions. 

In order to bound the nonlinearity of (j2.7p in Nk{T), it is important to 
gain regularity from the parabolic heat-time smoothing effect. The desired 
frequency-localized bounds do not (or at least not so readily) propagate in 
heat-time in the spaces G^ (T) , whereas these bounds do propagate with de- 
cay in the larger spaces Ff^ (T) . Note that since the F^ (T) norm is translation 
invariant, it holds that 

l|e^^/i||F,(T) < (1 + 522'=)-'°||/i||f,(t) s > 0, 

for h G F]^{T). In certain bilinear estimates we do not need the full strength 
of the spaces Fk{T) and instead can use the bound 

F,iT)<\\f\\LlLT + \\nLt^, (3.1) 
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which fohows from 

11/11^2,00 < 11/11^2... <2'^/2||/||^,^.„. 

We introduce one more class of function spaces. These can be viewed as a 
refinement of the Strichartz part of Fk{T). For A; G Z and uj G [0, 1/2] we 
define S'^{T) to be the normed space of functions belonging to L\{T) whose 
norm 

WfWstiT) = {WfWL^Ll- + ll/llLfL- + 2-''/'\\f\\L..L^) (3.2) 

is finite, where the exponents 2^^ and p^^ are determined by 

1 1 _ 1 1 _UJ 

Note that Fk{T) ^ S'^{T) and that by Bernstein we have 
ll/lls-'(r) - ll/lls;;'(T), uj'<uj. 

3.2. Bilinear estimates. 

Lemma 3.7 (Bilinear estimates on Nk{T)). For k,ki,k^ G Z, /i G L^^, 
f G Fk^{T), and g G Gkz{T), we have the following inequalities under the 
given restrictions on fei , /cs . 

|A:i-A;| <80: ||Pfc(/i/)|U,(T) < l|/i|lL?,JI/llF,,(T) (3-3) 

A:i < A: - 80 : ||Pfc(/i/)|U,(T) < 2~\^-^^\l^\\h\\^.^^ \\f\W^iT) (3-4) 

A: < A:3 - 80 : ||Pfc(Mlk,(T) < 2-l^-'=3l/6||;,||^^ (3,5) 



Proof. Estimate (|3.3p follows from Holder's inequality and the definition of 
Fk{T),Nk{T): 

\\Ff\\L.n<\\F\\L2\\f\\L^. 
For p.4p and ()3.5p . we use an angular partition of unity in frequency to 
write 

/ = /l + /2, 11/111^3,6 + llffl 11^3,6 < 2^-'^f\\F,^T) 



and 
Then 



9 = 91+92, ||c/i 11^6,3 + 115111^6,3 < 2 ^^'^\\g\\Gy,{T)- 

\\Pk{Ff)y^^T) < 2-'/' f ||F/l||^6/5,3/2 + ||F/2||^6/5,3/2 

V 91 62 

<2-'=/6||F||iJ||/l||^3,6 + ||/l||^3.6) 

<2('=-^')/6||F||^2 11/11^,^ (r). 
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and 

,-3/2,6/5 + ||-F(72|L3/2,6/5 I 
V «! 92 / 

<2''/%F\\l2 (115111^6,3 + 115111^6,3) 
<2^'-'^^/'\\F\\MG,,iTy 

□ 

Lemma 3.8 (Bilinear estimates on Lf j.). For ki,k2,ks G Z, /i G Fk^{T), 
f2 G Pk20^); ^^'^ 5 ^ Gk-i{T), we have 

ll/l • MIl^^ < ll/l||Ffe^(r)||/2||F,2(T) (3.6) 

fci < ^3 : 11/ • 9\\lI^ < 2^'=-'^^l/^||/||i.,^(T)ll5llG.3(T). (3.7) 



Proof. It suffices to show 

II/5||l2 < ll/lli.o^(T)ll5llG,,(r), A:i > A:2 - 100 (3.8) 

and 

II/5||l2 < 2^''^''^^'\\f\\F0^iT)\\s\\G,^iT), h<k2- 100. (3.9) 

Estimate ()3.8p follows from estimating each factor in L^. For (j3.9p . we first 
observe that, using a smooth partition of unity in frequency space, we may 
assume that 5 is supported in the set 

: lei G [2^2~S 2^=2+1] and ^ • ^0 > 2^'^^^} 
for some direction 6q £ S^. Then 

II/5||l^ < ll/ll,3.a||5ll,B.3 <2(^-'=^)/6||/||^o (^)||5||g.,(T) 

□ 

We also have the following stronger estimates, which rely upon the local 
smoothing and maximal function spaces. 

Lemma 3.9 (Bilinear estimates using local smoothing/maximal function 
bounds). For k,ki,k2 £ Z, h £ L'f^, f G Fk^{T), g G G^iiT), we have the 
following inequalities under the given restrictions on ki,k2- 

fci < fc-80 : \mhf)yuT) < 2-\'^-'^^y'\\h\\L2jf\\F^^^T) (3.10) 
h<k2: ||/-5|Il?,, <2-l'=^-'=^l/2||/||^^^(^)||5||^^^(^). (3.11) 
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Proof. Estimate ()3.10p follows from the definitions since 
WPkihmNUT) < 2"'/' sup||/./||^... < 2-^/2 sup 11/11^2,0. \\hh. . 

The proof of (I3.1ip parallels that of (j3.7p and is omitted (see [H Lemma 6.5] 
for details.) □ 



3.3. Trilinear estimates and summation. We combine the bilinear es- 
timates to establish some trilinear estimates. As we do not control local 
smoothing norms along the heat flow, we will oftentimes be able to put 
only one term in a Gk space. Nonetheless, such estimates still exhibit good 
off-diagonal decay. 

Define the sets Zi{k), Z2{k), Z^{k) C as follows: 



Zi{k) 
Z2{k) 



--{iki,k2,k3) G Z 



ki,k2 < k - 40 and {k^ - k\ < 4}, 



={(^i,^2,A:3) G Z^ 
={(^i,^2,A:3) G Z^ 
or k-^ > k and |/c3 — max{/ci, k2}\ < 40} 



k, k^<ki- 40 and \k2 - kA < 45), 

I - J' ^3 -^2) 

k^ < k and \k — max{A;i, k2}\ < 40 



In our main trilinear estimate, we avoid using local smoothing / maximal 
function spaces. 

Lemma 3.10 (Main trilinear estimate). Let C^^kiMM denote the best con- 
stant C in the estimate 

\\Pk iPkJlPkj2Pk3g)\\NUT) < C\\PkJl\\F^^(T)\\Pkj2\\F,^{T)\\Pk3g\\G^^(T)- 

(3.13) 

The best constant Ck^k^MM satisfies the bounds 

{2-|(fci+fc2)/6-fc/3| (^^^ fcg) G Zi{k) 
2-\^'^-\l^ [kiMM) Z2{k) 
(fei, fe2, fea) G Z3 \ {Zi(A:) U Z2{k) U Z3(A;)}, 

where Ak = max{A;, ki, k2, k^} — min{/c, ki, k2, k^} > 0. 

Proof. After placing the term P^ {PkifiPk2f2Pkz9) iii I-'tix ^'^d then using 
Holder's inequality to bound each factor in L^^, it follows from Bernstein 
that 

< 1, (3.14) 
and so, in particular, for any choice of integers k, ki,k2,k-i, such a constant 
CkMMM exists. 

Frequencies not represented in one of Zi[k), Z2{k), Z^[k) cannot interact so 
as to yield a frequency in I^- Over Zi{k), we apply (|3.4p and (|3.7p . 
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On Z2{k) we apply ()3.4p ii k > and ()3.5p ii k < k^. We conclude with 



On Z^i^k) we may assume without loss of generality that ki < k2. First 
suppose that k^ < k and |/c — A:2| < 40. If ki < ks, then use (j3.4p . applying 
()3.6p to Pk2f2Pki9- If ^3 < then use (I3.6p on PkifiPk2f2 instead. 



Now suppose that k^ > k and |A;3 — /C2I < 40. If A;i < A;, then use (j3.3p . 
applying (j3.7p to PkifiPksd- If ^min = ^1 then use (j3.5p and (j3.6p . □ 

Corollary 3.11. Let{ak}, {bk}, {c^} be 6 -frequency envelopes. LetCk^kiMM 
be as in Lemma \3.1(k Then 

ki,k2,k30,kibk2Ck3 ^ dkbkCk- 

(fcl,fc2,fc3)GZ3\Z2(fc) 



Proof. By Lemma 13.101 it suffices to restrict the sum to (/ci, ^2, k^) lying in 
Zi{k) U .^3(A;). On Zi{k), the sum is bounded by 

(fci,fc2,*;3)eZi(fc) 

fci,A;2<fc-40 

< akbkCk- 



On Z3, we may assume without loss of generality that k2 < ki. The sum is 
then controlled by 

J2 2-\^'\/^ak,bk2Ck, 

(fcl,fc2,fc3)e^3(fc) 

k2<k k2<ki 
k-j<k ki>k 
fcl-fc|<40 |fc3-fci|<40 

< E 2"""'"'"^''''^^'/'«fc^fc2Cfc3 + E 2-l'=^-"^^-{'=^''=>l/6afe,6fc,Cfc,. 

k2<k k2<ki 
k^Kk ki>k 
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The first of these summands is controlled by 

fc3<fc2<fc k2<kz<k 

ks<k2<k k2<k3<k 

< ^ 2('-m\k-k,\^^t>,c,., + Y 2'^'-'/'^\>'-'^Wb,2Ck 

ks<k k2<k 

< Y 2^''~'^'^^'~''Wb,c, + Y 2^''"'^'^^'~'^Wb,c, 

k3<k k2<k 

< akbkCk- 

The second is controlled by 

k<k2<k\ k2<k<ki 

< Y 2-l'=i-'=l/62'^l'=2-'=lafc,6feCfe, + Y ^^'^'-''^/'^'^''-'^akMck, 

k<k2<ki k2<k<k\ 

< ^ 2(^-V6)l^i-^la,^6,e,, + Y 2^'-"'^\^'-''\akMck, 

k<ki k2<k<ki 
k<ki k2<k<ki 

< akbkCk- 

□ 

Corollary 3.12. Let {ak},{bk} be 5-frequency envelopes. Let Ck^k^MM 

be 

as in Lemma \3. 1 (A Then 

2^^-^^^>^^-^^--^^^>^^CkMMM<^k,bk2Ck, < akbkCk 

(fcl,fc2,fc3)6Z2(fc)UZ3(fc) 

Proof. On Z^{k), max{A;i, /c2} ~ max{A;, /ca}, and so the bound on Z3{k) 
follows from Corollary 13.111 

Note that max{A;i, ^2} > max{A;, k^} on Z2, where the sum is controlled by 

2™^^{'^''=3}-max{fci,fe2}2-|*:-fc3|/6^^ 

{kiMM)&Z2{k) 
A:,fe3<A:i-40 

Restricting the sum to < /c, we get 

^ 2-\k-kA2~\k-H/^akM.Ck; < akbkCk 

fc3<A:<fci-40 
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Over the complementary range fc < A;3 < fci — 40, we have 

^ 2-l^3-/c,|2-|fc-fc3|/6^^^^^^^^^ 

fc<fc3<fcl-40 

k<ki<ki-m 

Performing the change of variables j := ki — k^, i := — k, we control the 
sum by 

^ 2~-'2~^/^2^^(^'+'^)2'^'^ < J2 2^2'^"^'^' 2^^'^"^/^)^ < 1. 

□ 



Taking advantage of the local smoothing/maximal function spaces, we can 
obtain the following improvement. 

Lemma 3.13 (Main trilinear estimate improvement over Zi). The best con- 
stant Ck^kiMM (|3-13p satisfies the improved estimate 

CkMMM ^ 2-l('=^+^'^)/2-'=l (3.15) 

when {ki, k2, k^} € Zi{k). 



4. Proof of Theorem 11.31 



In this section we outline the proof of Theorem II. 3|, taking as our starting 
point the local result stated in Theorem ll.il 

For technical reasons related to the function space definitions of the last 
section, it will be convenient to construct a solution 99 on a time interval 
(_22/c^22'C) for some given K, G Z+ and proceed to prove bounds that are 
uniform in /C. We assume 1 <C /C G Z+ is chosen and hereafter fixed. 
Invoking Theorem 1 1.1|, we assume that we have a solution ip € C([— T, T] — t- 
i^Q ) of ([H]) on the time interval [-T, T] for some T G (0, 2^^). In order to 
extend 99 to a solution on all of (—2^^, 2^^^) with uniform bounds (uniform 
in T, /C), it suffices to prove uniform a priori estimates on 

sup \\ip{t)\\H- 

te{-T,T) ^ 

for, say, a in the interval [1,cti], with o"i » 1 chosen sufficiently large (e.g., 
0"! = 25 will do). 

The first step in our approach, carried out in ^ is to lift the Schrodinger 
map system (jl.lh to the tangent bundle and view it with respect to the 
caloric gauge. Recall that the lift of (II. ip expressed in terms of the caloric 
gauge takes the form (12. 7p . or, equivalently, 

(i^t + A)V„^ = fim + K^, (4.1) 
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with initial data V'mCO). Here and Vm respectively denote the magnetic 
and electric potentials (see (j2.8p and (j2.9p for definitions). 

The goal then becomes proving a priori bounds on ||'i/'m||L^_ffj- Herein lies 
the heart of the argument, and the purpose of this section is not only to 
give a high level description of the proof of Theorem 11.31 but also to outline 
the proof of the key a priori bounds. To establish these bounds, we in fact 
prove stronger frequency-localized estimates. The argument naturally splits 
into several components, and we consider each individually below. 

Finally, to complete the proof of Theorem 11.31 we must transfer the a priori 
bounds on the derivative fields ■0m back to bounds on the map if, thereby 
allowing us to close a bootstrap argument. Once the derivative field bounds 
are established, this is, comparatively speaking, an easy task, and we take 
it up in the last subsection. 

We return now to (14. ip . projecting it to frequencies ~ 2^ using the Littlewood- 
Paley multiplier . Applying the linear estimate of Lemma 13.61 then yields 

ll^fcV'm.lbfcCT) ^ ll^fcV'm(0)||L2 + 1 1 Pfc l^n | (T) + II ^fc^m lUfe(T) • (4-2) 

In order to express control of the Gk{T) norm of Pk'fpm in terms of the 
initial data, we introduce the following frequency envelopes. Let cJi G Z_|_ 
be positive. For a G [0,ai — 1], set 

bk{a) = sup 2'^'='2-^l'=-^'l||Pfc,V',|b,(T). (4.3) 

By (j2.38p . these envelopes are finite and in i'^. We abbreviate &fc(0) by 
setting bk := 6fc(0). 

We now state the key result for solutions of the gauge field equation (14. ip . 

Theorem 4.1. Assume T G (0,2^^) and Q G S^. Choose ai G Z+ positive. 
Let £1 > and let ip G Hq'°°{T) be a solution of the Schrddinger map 
system whose initial data ipo has energy Eq := E{ipQ) < ii^crit o.'^'d 

satisfies the energy dispersion condition 

supcfc<ei. (4.4) 
fcez 

Assume moreover that 

fcez 

for any smooth extension ip on I, [—T,T] did (— 2^'^,2^^). Suppose that 
the bootstrap hypothesis 

bk < e^^'^^k (4.6) 
is satisfied. Then, for £\ sufficiently small, 

hk{<y) < Ckia) (4.7) 
holds for all a G [0, 0"i — 1] and A; G Z. 
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Proof. We use a continuity argument to prove Theorem 14. 11 For T' G (0, T], 
let 

^{T') = supc^^WPki^mis = 0)||g,(T')- 
fcez 

Then ip : (0, T] — )• [0, oo) is well-defined, increasing, continuous, and satisfies 

lim Tp(T') < 1. 

The critical implication to establish is 

^{T') < 6^'^'° =^ ^{T') < 1, 
which in particular follows from 

bk < Ck- (4.8) 

We also must similarly establish 

hicT) < Ckia) (4.9) 

for fj S (0, (Ti — 1]. The next several subsections describe the main steps 
of the proof of ()4.8p and (j4.9p . to which the bulk of the remainder of this 
paper is dedicated. In §4.51 we complete the high level argument used to 
prove gSD and g^]). □ 



Corollary 4.2. Given the conditions of Theorem \4-l\ 

\\Pk\dx\''dmip\\L^L2(^(^_T,T)xR^) ^ Ck{a) (4.10) 
holds for all a G [0, ui — 1]. 



The proof we defer to ^4.61 

Together Theorem II. 1|, Theorem 14.11 and Corollary 14.21 are almost enough 
to establish Theorem 1 1.31 The next lemma provides the final piece. We also 
defer its proof to ^4.61 



Lemma 4.3. It holds that 

^\\PM\l4 ~ ^\\PkdM\%^ 



kez kez 



Note that this lemma affords us a condition equivalent to (|4.5p whose ad- 
vantage lies in the fact that it is not expressed in terms of gauges. 

Proof of Theorem \1.3[ Fix ai G Z_|_ positive and let Si = ei(cTi) > 0. It 
suffices to prove ()1.7p on the time interval [— T, T] provided the estimate is 
uniform in T. In view of Theorem 11.11 and mass-conservation, proving 

W^x^W H^{{-T,T)x-R-^) W^x^Wh^CR'^) (^-ll) 

for a G [0, cTi — 1] with ai = 25 is enough to establish (11. 6p . 
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By virtue of Lemma 14.3^ the assumptions of Theorem 11.31 are equivalent to 
those of 14.11 Therefore we have access to Corollary 14.21 which states that 
(j4.10p holds a e [0, cti — 1]. Using ()2.33p and the Littlewood-Paley square 
function completes the proof of (14. lip . 

Global existence and (jl.7p then follow via a standard bootstrap argument 
from Theorem 11.11 and from the fact that the constants in (|4.1ip are uniform 



The remainder of this section is organized as follows. In ^4. 11 we state the key 
lemmas of parabolic type that are used to control the electric and magnetic 
nonlinearities. In ^4.21 we state bounds that rely principally upon local 
smoothing, including a bilinear Strichartz estimate; they find application in 
controlling the worst magnetic nonlinearity terms. 

In ^4.31 we piece together the parabolic estimates to control the electric 
potential. In §4.41 we decompose the magnetic potential into two main pieces 
and demonstrate how to control one of these pieces. 

In §4.51 we close the bootstrap argument proving Theorem 14.11 Here the 
remaining piece of the magnetic potential is addressed using a certain non- 
linear version of a bilinear Strichartz estimate. 

Finally, in ^4.61 we prove Corollarv 14.21 and Lemma 14.31 

4.1. Parabolic estimates. By "parabolic estimates" we mean those that 
principally rely upon the smoothing effect of the harmonic map heat flow. 
We include here only those that play a direct role in controlling the non- 
linearity M. These are proved in f|71 where a host of auxiliary parabolic 
estimates are included as well. As the proofs rely upon a bootstrap argu- 
ment that takes advantage of energy dispersion (|4.4p . these bounds rely upon 
this smallness constraint implicitly. On the other hand, smallness ()4.5p is 
not used in the proofs of these bounds, but rather only in their application 
in this paper. 

Lemma 4.4. For a € [0,cri — 1], the derivative fields ipm satisfy 



for s > 0. 

This estimate is used in §4.41 in controlling the magnetic nonlinearity, which 
schematically looks like Adxtp- To recover the loss of derivative, it is impor- 
tant to take advantage of parabolic smoothing by invoking representation 
()2.23p of A. Within the integral we schematically have 'il^{s)Dxip{s), and 
hence (I4.12P allows us to take advantage of p.3p - (l3.7p in bounding this 
term. We prove (|4.12p in §7Tl 



in T. 



□ 



PkMs)\\FUT) < (1 + s2^'^)-^2-'^%{a) 



(4.12) 
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Lemma 4.5. For a G [0, cri — 1], the derivative fields ijji and connection 
coefficients Am satisfy 

WPkiAMMsMFUT) < {s2''r^/\l + .22'=)-22-(-i)'=6,(a). (4.13) 

Like the previous estimate, this estimate is also used in ^4.41 in controlhng 
the magnetic nonhnearity. Its proof is given in ^7.2i The need for this 
estimate arises from the need to control D^iIj appearing in representation 
(12:23]) of A. 

The next several estimates are used in ^4.31 to control the electric potential. 
In particular, they provide a source of smallness crucial here for closing the 
bootstrap argument. They are proved in §7.21 



Lemma 4.6. For a G [25, cJi — 1], the connection coefficient A^ satisfies 

\\Al\\L.^<^nvh].Y^hl (4.14) 

and 

\\PkAlm\Ll^<'^-"''bu{a)-^nvh,-Y.hl (4.15) 
Lemma 4.7. For a G [25, cJi — 1], the connection coefficient At satisfies 

jez fcez 

and 

\\PkM\Ll^ < {l + Y,bl)hk2-''Hk{a). (4.17) 
p 

In subsequent estimates the following shorthand will be useful: 

e (1 + E ^?)' Eii^^^-(o)iii^. + (1 + E ^l- (4-18) 

jez £gZ £ '^^■^ 

Under the assumptions of Theorem 14.1] e is a very small quantity, being at 
least as good as 0(ej^^). 

4.2. Smoothing and Strichartz. The key result of ^ is the following 
frequency-localized bilinear Strichartz estimate. 



Theorem 4.8. Suppose that ipm satisfies (2.1) on [— T, T]. Assume a G 
[0,cJi — 1]. Let the frequency envelopes bj and Cj be defined as in ( f^.^D and 
lEM) . Let e he given by Suppose also that 2^'^ < 1. Then 

2^~^{l + s2''^f\\PMs) ■ Pki^miO)\\l,^ < 2~^-^c]cl{a) + e%pl{a). (4.19) 
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In §5.2l we split the proof into two cases: s = and s > 0, the more involved 
being the s = case. In either case, if instead we only were to appeal to the 
local smoothing-based estimate (j3.1ip and the frequency envelope definition 
(j4.3p . then we would get the bound 

t.x 

In practice this sort of bound must needs be summed over j <^ k. When 
initial energy is assumed to be small, as is done in [5, the sum Ylj bj <^ I is 
small, and consequently the resulting term perturbative. In our subthreshold 
energy setting this is no longer the case, as in fact the sum may be large. 
What (|4.19p reveals, though, is that any bj contributions come with a power 
of e. In view of additional work which we present in due course, this turns 
out to be sufficient for establishing bk < Ck- 

An interesting related bound is the following local smoothing estimate, also 
proved in §5.2[ It arises as an easy corollary of our proof of Theorem I4.8[ 

Theorem 4.9. Suppose that ipm satisfies \2. 7\ ) on [—T,T]. Assume a G 
[0, cJi — 1]. Let the frequency envelopes bj{a) and Cj{a) be defined as in 
and h2.32\) . Also, let e be given by Then 

2^ sup snv\\P.j,BPk^n^t^.2<2-^''^cl{a) + e2-^''Hl{a) (4.20) 

|i-fc|<2O0GSi 

holds for each k £ Z. 

We note that dOO]) likely extends to L^^ for A satisfying |A| < 2^="^°, 
though we do not prove this. For comparison, note that from the definition 
of ()4.3p we have 

2^ sup sup sup ||P,-ePfcV'm||'oo.2 < 2-2-'=62(^)_ (4 21) 

|j-fe|<20 6ieSi |A|<2'=-40 

On the other hand, while the right hand side of (I4.20|) may indeed be large, it 
so happens thanks to our hypotheses of energy dispersion and smallness 
that the bk{cr) term is perturbative. For our purposes, this is a substantial 
improvement over (j4.2ip . However, it can be seen from the argument in ^4.51 
that even an extension of (j4.20p to spaces is not sufficient for proving 
bk{f^) ^ Cfc(cr): it is important that we can replace two terms with 

corresponding "cj" terms as in ()4.19p . 

4.3. Controlling the electric potential V. 

Lemma 4.10. Suppose that a < g — 26. Then the electric potential term 
Vm satisfies the estimate 

\\PkVm\\N,iT) < {Ulhl^ + WAthi^ + Ulhl^) 2~^%{a). (4.22) 



32 P. SMITH 

Proof. Letting / G {^^,^^,■0^}, we bound Pk{fipx) in Nk{T). Begin with 
the fohowing Littlewood-Paley decomposition of Pkifipx)- 

Pkifi^x) = Pk{P<k-80fPk-5<<k+5i^x) + 

Pk{PkJPkM+ 

|fcl-fcl<4 
fe2<fc-80 

PkiPkJPkM- 

\ki-k2\<90 
fci,fc2>fc-80 

The first term is controlled using Holder's inequality: 

\\Pk{P<k-80fPk-5<-<k+5'^x)\\Nk{T) < \\Pk{P<k-8ofPk~5<-<k+5'ipx)\\r4/3 

< l|-P<fc-80/llL? ll-Pfc-5<-<fc+5V'irllL4 . 

t,X t,X 

To control the second term we apply (|3.4p : 

\\Pk{PkJPk,i^x)\WiT) < 2('''-'^/^PkJ\\LlJ\Pk,i^x\\G,,(T). 

Using dlS]), (p^Ol) . and o- < 1/6 - 2cr, we conclude 

II Y PkiPkJPkMW 

|fci-fc|<4 |fci-fc|<4 
fc2<fc-80 



To control the high-high interaction, apply (j3.5|) : 

||^'fc(PfcJ^teV'x)||7V,(T) < 2('=-'=^)/^||PfcJ||i2 J|Pfe,V.||G,,(T). 

Therefore, by ([TS]) . 



E rfc(^'fc,m2V'x)lk,(T) < E 2(^'-'=^)/6||P,J||^2^2-'^'=^6fc,(a). 

|A:i-A;2|<90 |fci-fc2|<90 
fci,A;2>A;-80 fci,fc2>fc-80 

Using Cauchy-Schwarz and (j2.3ip yields 

, 1/2 

E ll^fc(^fcim2V^x)IU,(T)<2-'^'=6fc(a) ( WPkJWll 

|fci-fc2|<90 \A;i>fe-80 
fci,fc2>fc-80 

and so, by switching the L^^ and £^ norms, we get from the standard square 
function estimate that 

Y \\Pk{PkJPk,i^x)\\N,iT) < \\f\\^2-''^hk{a). 



|fci-fc2|<90 
fci,fc2>A;-80 



□ 
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Corollary 4.11. For a G [0, fJi — 1] it holds that 



Proof. Given (I4.22p . this is a direct consequence of (j4.14p . (|4.16p . and the 
fact that 



fcez 



Therefore the result holds for a < 1/6 — 25. 

To extend the proof to larger o", we may mimic the proof of Lemma 14.101 by 
performing the same Littlewood-Paley decomposition and then, with regard 
to the first and third terms of the decomposition, proceeding as before in the 
proof of that lemma. The argument, however, must be modified in handling 
the term 

PkiPkJPkM, (4.23) 

|fcl-fc|<4 
fc2<fc-80 

where / S {At, A'^,ip'^}. We take different approaches according to the 
choice of /. 

When f = A^, we apply (|3.4p and invoke (|4.15p to obtain 



PkiPk^AlPkMU^^r) < E '^^"'-'^^'WPk^AlhiJPkMG.^^T) 

-k\<4 |fci-A:|<4 
<fc-80 fc2<fc-80 

< ^ 2('=^-^^)/62-'^'^i6,,(a)6,, • sup6, -Yb'i 

|fci-fc|<4 ^ I 

k2<k-80 



In the case where f = At, we apply (j3.4p and use ()4.17p to conclude 
II Y Pk{Pk,AtPk,^P.)\\N,iT) < 2-''%{a)hbkil + ^^p), 

|fci-fc|<4 P 
k2<k-80 

which suffices by Cauchy-Schwarz. 

Finally we turn to f = ip^^ which we further decompose as 

/ = 2 Yj Pjii^xPji'^x + Y Phi'xPj2'^x- 
lii"fc|<4 b-i-j2|<8 

i2<fc-80 jij2>fe-80 
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To control the high-low term, we apply estimate (13.71) : 

Iji— fc|<4 \ji—k\<A 
j2<k-80 j2<k-80 



We turn to the high-high case. The full trilinear expression is given by 
|fci-fc|<4 Iii-i2|<8 

A;2<fc-80 iiJ2>fci-80 



We can drop the Pj.^ factor because of the summation ranges: 

Y Y PkiPjiiPxPjii^x ■ Pkii^x)- 

|fci-fc|<4 |ji-j2|<8 
A;2<fe-80ii j2>fci-80 

We apply estimate p.4p with h = Pj^il)xPk2'4'x to get 

Y X] \\Pk{Ph Pj2 V'x • Pk2 'ipx)\\Nk (T) 

\ki-k\<4 |ii-i2|<8 
A;2<A;-80 jij2>A:i-80 

< E E 2~\^^-'^\/%P,,i;4G,,iT)\\Pj2i^xPk2i^x\\L^- 

\ki-k\<4 \ji-j2\<8 
k2<k-80ji,j2>ki~80 

Next we use (|3.7p to control the norm: 

Y Y '^"^''"'^^'\\PnMG,,iT)\\Pn^xPk2^x\\L^ 

|fci-fcl<4 |ji-j2|<8 
fc2<A:-80 ji,j2>fci-80 

|fci-fc|<4 |ii-i2|<8 
fc2<fc-80iij2>fci-80 

In this sum we can replace the factor 2~'-'2~'^2l/6 by the larger factor 2~l'^~'^2|/6^ 
from which it is seen that the whole sum is controlled by 

2-''%{c7)b, Y '^~^'-'''^^%2<^~''''blbk{c7) 
fe2<fe-80 

□ 

4.4. Decomposing the magnetic potential. We begin by introducing a 
paradifferential decomposition of the magnetic nonlinearity, splitting it into 
two pieces. This decomposition depends upon a frequency parameter A; G Z, 
which we suppress in the notation; this same k will also be the output fre- 
quency whose behavior we are interested in controlling. The decomposition 
also depends upon the frequency gap parameter w G Z+. How zu is chosen 
and the exact role it plays are discussed in §5.21 There it is shown that w 
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may be set equal to a sufficiently large universal constant (independent of 
e, ei, k, etc.). 

Define ^ioaIo ^ 

/oo 

and ^hivhi as 

/oo 
lm{Pk^il;rnPk2'ips){s')ds' 

ma,x\H:i,H:2^>K:—'uu 

SO that Am = ^m,ioAio + ^m,hivhi- Similarly define -BioaIo as 

-Bm.loAlo := -i ^ (c^£(^^,loAlo-Pfc3V'm) + ^^.loAloS^-Pfca "^m) 

and i^hivhi as 

SO that Bjji = BmAoAlo 

+ B 

m,hiVhi • 

Our goal is to control PkBm in Nk{T). We consider first PkBm,hivhi, per- 
forming a trilinear Littlewood-Paley decomposition. In order for frequencies 
ki,k2, ^3 to have an output in this expression at a frequency k, we must have 
(ki, k2, k-s) G Z2{k) U Z-sik) U Zo{k), where 

Zo{k) := Zi{k) n {{ki, k2, k3) £ : ki,k2 > k - w} (4.24) 

and the other Zj{k)^s are defined in ()3.12p . We apply Lemma fS.lOl to bound 
PkBm,hiyhi in Nk{T) by 

/■oo 

E / '^"'^''^'''''^Ck,kM\\Pk,Ms)\\F,^x 

(kiM,k-i)& 
Z2{k)UZ3{k)UZo(k) 

X \\Pk2{P'iMs))\\F,JPk3llJm{0)\\Gk^ds, 

which, thanks to (j4.12p and (|4.13p . is controlled by 

E '^^^'^^^'^^^ Ck,ki,k2M^kibk2bki X 

(fci,fc2,fc3)e 

Z2(fc)UZ3(fc)UZo(fc) 



/■CO 

/ (1 + s2^^^y^2^^{s2'^^^y^/^{l + s22'=2)"2^^_ 

^0 



As 

roo 



poo 

/ (l + s22'=l)-42'=2(s22'=2)-3/8(i + 522'=2)-2^g<2-max{fci,fc2}^ (425) 
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we reduce to 

J2 2--{^'^-3}— {'=i''=2}Cfc,fc,,fc„fc36fc,6fc,6fc3. (4.26) 

Z2(fc)UZ3(fc)UZo(fc) 

To estimate i-fc-Bm,hivhi on Z2 U Z3, we apply Corollary 13.121 and use the 
energy dispersion hypothesis. As for Zo(fc), we note that its cardinality 
|Zo(A;)| satisfies |^o(^)| ^ ^ independently of k. Hence for fixed summing 
over this set is harmless given sufficient energy dispersion. We obtain a 
bound of 

\\PkBm,hiyhi\\N,(T) < blbk < ehk. (4.27) 

Consider now the leading term PkBm,\oMo- Bounding this in with any 
hope of summing requires the full strength of the decay that comes from the 
local smoothing/maximal function estimates. Such bounds as are immedi- 
ately at our disposal (i.e., (|3.10p and (jS.lip . however, do not bring -Bm,ioAio 
within the perturbative framework, instead yielding a bound of the form 

bk^bk^bk^, 

k\ ,k2<k—TAj 
|fc3-A:|<4 

which is problematic since even J2j<^k'^'j ~ -^0 ~ for k large enough. 
This stands in sharp contrast with the small energy setting. 

In the next section, however, we are able to capture enough improvement 
in such estimates so as to barely bring i?m,ioAio back within reach of our 
bootstrap approach. 

Finally, we need for o" > an estimate analogous to (14.27P . Returning to the 
proof of (|4.26p , we remark that any bk may be replaced by 2"°^*^^ bk ; in order 
to obtain an analogue of ()4.27p . we must make replacements judiciously so 
as to retain summability. In particular, for any (ki, k2, k^) G Z2{k)U Z-i{k)L) 
Zo{k), we replace bk^^^ with 2~'^'''"="'6fc^^^(fj) so that (|4.26p becomes 

E2max{fc,fc3}-max{fci,fc2}/7 h, 2"'^'^™^"?), (rr) 

^ '-^fe,A:i,fc2,fc3'^fcmin"fcmid^ "fcmax I" J 5 

(fcl,fc2,fc3)G 

Z2(fc)UZ3{fc)UZo{fc) 

where femim ^midi ^max denote, respectively, the min, mid, and max of {ki, k2, fes}. 
Over the set Z2{k) U Z^ik) U Zo{k) (see (fXT2]) and ([i^ for definitions), 
we have femax ^ k, which guarantees summability due to straightforward 
modifications of Corollaries 13.111 and 13.12] Therefore 

\\PkBm,hi'yhi\\Nk{T) ^ b\2~"^bk{(7) , 

which, combined with ()4.27p and the definition ()4.18p of e, implies 

Corollary 4.12. Assume a G [0,(Ti — 1]. The term -B,„ hivhi satisfies the 
estimate 

||Pfe^m,hivhi|k,(T) < e2~''%{a). (4.28) 



CONDITIONALLY GLOBAL SCHRODINGER MAPS 



37 



4.5. Closing the gauge field bootstrap. We turn first to the completion 
of the proof of Theorem 14.11 as we now have in place all of the estimates 
that we need to prove (|4.8p . 



Using the main linear estimate of Proposition 13.61 and the decomposition 
introduced in ^4.41 we obtain 



ll^fcV'mllGfc(T) < ll^fcV'm(0)||L2 + \\PkVm\\Nk{T) 

m,loAlo\ \ (T) • 

In §S31 14.41 it is shown that PkVm and -Pfc-^m, hivhi fire perturbative in the 
sense that 

To handle PkBm.,\of\\o-, we first write 

PkBm,loAlo = -idi{Ai,\oh\oPk'^m) + R, 

where i? is a perturbative remainder (thanks to a slight modification of 
technical Lemma |5. lip . Therefore 

\\Pki^m\\G,{T) < 2-''''ckia) + e2-''^bkia) + \\deiAe,ioAioPki^m)\\N,iT)- (4.30) 
Thus it remains to control — ^^^(^^^loAlo-PfcV'm)) which we expand as 

POD 

-iPkd, Yl / ^MP^iPk,^s){s')PkMO)ds', 



fci,fe2<fe— ro 
|fc3-A:|<4 



(4.31) 

and whose Nk{T) norm we denote by A^io- In the a = case the key is 
to apply Theorem 14.81 to Pkj^tpi{s') and Pk^ipmiO), after first placing all of 
(|OT]) in Nk{T) using dXTO]) . We obtain 

iVio < 2^ Yl 2-l^--^2l/22-l'=i-'=3l/22---i'=i''=2}6fc, (^Ck.Ck, + e'/X,bk, 

ki .k2^k—zu 
\k3-k\<A 

< 2^ Y 2(^-i+'=2)/2-'^^2— i'=^''=2>6fc,(cfc,Cfc + ei/2&fc,6fc) 

ki ^k'z'^k—'uj 

Without loss of generality we restrict the sum to ki < k2'- 
Y 2^'''-'''y\,{ck,Ck + e'/\,bk) 

ki<k2<k—-uu 

Using the frequency envelope property to sum off the diagonal, we reduce 
to 

^lo< Y ibjCjCk + e^/H]bk). 

Combining this with ()4.30p and the fact that R is perturbative, we obtain 
bk<Ck + €bk+ Y (bjCjCk + e^/^Pk), (4.32) 

j<k—m 
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which, in view of our choice of e, reduces to 

j<k—zu 

Squaring and applying Cauchy-Schwarz yields 



j<k—-w 



Setting 



j<k 

in (f03]) leads to 

Bk+i<Bkil + Ccl) 
with C > independent of k. Therefore 

m. m 

Bk+m <Bkl[il + Ccl^e) < Bk exp(C ^ ^1+^) Bk- 

£=1 1=1 

Since — > 1 as A: — t- — oo, we conclude 

Bk ^-Bo 1 

uniformly in A;, so that, in particular, 
which, joined with (j4.33p . implies ()4.8p . 

The proof of (|4.9p is almost an immediate consequence. Instead of ()4.32p . 
we obtain 

bk{<y) < Cfc(fT) + ebk{a) + E (bjCjCkia) + e^/%]hk{a)), 
which suffices to prove (I4.9P in view of (14.34p . 

4.6. De-gauging. The previous subsections overcome the most significant 
obstacles encountered in proving conditional global regularity. All of the key 
estimates therein apply to the Schrodinger map system placed in the caloric 
gauge, and a bootstrap argument is in fact run and closed at that level. This 
final subsection justifies the whole approach, showing how to transfer these 
results obtained at the gauge level back to the underlying Schrodinger map 
itself. 



Proof of Ii4.10 ). To gain control over the derivatives dm^ in Lf^L^, we utilize 



representation (12. 2p and perform a Littlewood-Paley decomposition. We 
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only indicate how to handle the term v ■ Re(V'm)) as the term w ■ Im(^^ 
may be handled similarly. Starting with 



|fc2-fe|<4 
|fci-fc|<4 

fc2<A;-4 



Pk{Pk,v ■ Pk,Re{^Pm)), (4.35) 



\ki~k2\<8 
ki,k2>k—A 



we proceed to bound each term in LfL^.. 



In view of the fact that |f | = 1, the low- high frequency interaction is con- 
trolled by 



XI ll^fc(^'<fc-5^' • Pk2^e{'^m))\\L^Ll ^ \\P<k-bV\\Lf^JPk'^m\\LfLl 
\k2-k\<A 

< \\Pki'm.\\LfLl 

< Ck. (4.36) 



To control the high-low frequency interaction, we use Holder's inequality, 
Bernstein's inequality, (j2.33p and Bernstein's inequality again, and finally 
the bound (|'2.15p along with summation rule (|2.3U|) : 



\\Pk{Pk^V ■ Pk^Reill^mML^Ll < Y \\PkiV\\L^Ll\\Pk2lpm\\L° 

fci-fc|<4 |fci-fc|<4 
fc2<fc— 4 k2<k—A 



^ Y \\PkM\L^Ll-'^^^\\Pk2i^m\\LfLl 



|fcl-fc|<4 
fc2<fc-4 



< \\Pk,d.M\LrLi-'i'''-''ck2 

|fci-fc|<4 
fc2<fc-4 



Ck. (4.37) 
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To control the high-high frequency interaction, we use Bernstein's inequahty, 
Cauchy-Schwarz, Bernstein again, (j2.15p . and finally (j2.3ip : 

\\Pk{Pk,v-Pk,Re{i;^))\\L^Ll< E '^''\\Pk^vPk,Mibm)\\LrLl 

|A:i-fc2|<8 |fci-A:2|<8 
ki,k2>k-4 ki,k2>k-4 

< ^ '^^\\PkiV\\Loo^2\\Pk^lpm\\L^Ll 

\ki-k2\<8 
fcl,fc2>fc-4 

< J2 2''-''^\\Pk,d^v\\L^Ll\\Pk2i^m\\L^Ll 

\ki-k2\<8 
k\,k2>k—A 

< ^'~''^k2 

fc2>fc-4 

< Cfc. (4.38) 
Combining (|4.36p , (|4.37p , and (|4.38p and applying them in (|4.35p , we obtain 

\\Pk{v Re{'ll)rn))\\L'^Ll ^ Cfc. 

As the above calculation holds with w in place of v, we conclude (recalling 
(1121)) that 

WPkdx^ph^Ll ^ cfc. 
Hence (jiJOj) holds for a = 0. 

Now we turn to the case a G [0, cJi — 1]. By using Bernstein's inequality in 
()4.36p and (14 .38 p . we may obtain 

Y \\Pk{P<k-5V-Pk2M^m))\\Lr'Ll<^-''''ck{a) (4.39) 

|fc2-fc|<4 

Y \\Pk{Pk,v ■ Pfc,Re(V'™))||Lj«i2 < 2-'^'^c,,(a), (4.40) 

|fci-fc2|<8 
ki,k2>k~4 

as well as analogous estimates with w in place of v. Such a direct argu- 
ment, however, does not yield the analogue of ()4.37p . We circumvent this 
obstruction as follows. Let C € (0, oo) be the best constant for which 

\\PkdM\L^L^^ < C2-'''ck{a) (4.41) 

holds for a € [0, di — 1]. Such a constant exists by smoothness and the 
fact that the Ck{cr) are frequency envelopes. In view of definition (|2.34p and 
estimate (|2.35p . we similarly have 

\\PkdM0)\\LrL2 < C2-'^''c,{a). (4.42) 

Using (|i:i2]) in (jOTp . we obtain 

Y \\PkiPk,v-Pk2Re{^Pm))\\L?'Ll<C2-''''ckCk{c7). (4.43) 

|fci-fe|<4 
A:2<fc-4 
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From the representations (I2.2p and ()4.35p . and from the estimates (|4.39p . 
(|4.40p . and ()4.43p . along with the analogous estimates for w, it follows that 

WPkdMlL^Ll < (1 + CkC)2-^'ck{a). 

In view of energy dispersion (c^ < e) and the optimality of C in (|4.4ip . we 
conclude 

C<l + eC 

so that C < 1. Therefore 

WPkd^dmiphrLl ~ 2'"'' 1 1 Pfc (9^ 99 1 1^00^2 < Cfc(<T), 

which completes the proof of (14.10p . □ 



It will be convenient in certain arguments to use the weaker frequency en- 
velope defined by 

6fc = sup2-^l'=-^''l||Pfc,Vx||L4 . (4.44) 



Proof of Lemma \4^ Let us first establish 

fcez ' feez 

We use (I2.ip . i.e., V'm = v ■ + iw ■ dm^, but for the sake of exposition 
only treat v ■ dmf- We start with the Littlewood-Paley decomposition 

Pki^miO)= Yl Pk{P<k~^V ■ Pk,dm^) + 
lfc2-fc|<4 

PkiPk.V ■ Pk,dm^) + 

fcl-fc|<4 
A:2<fc-4 

Y PkiPk^V ■ Pkzdm^)- 

|fci-fc2|<8 
ki,k2>k-A 

In view of \v\ = 1, the Lj^ norm of the low-high interaction is controlled 
by bk (see (I4.44p ). To control the high-low interaction, we use Holder's and 
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Bernstein's inequalities along with p. 150 : 



\\Pk{Pk^V- Pk^dm^\\L4^< WPkiVWL^Lf \\Pk2dmV\\LjL° 



|fci-fc|<4 |fci-fc|<4 
k2<k—A k2<k-4 



< 



|fcl-fc|<4 
k2<k-4 



< E 2'''\\Pk,vhrL{bk 



< 



|A:i-fc|<4 
k2<k-A 

bk- 



To control the high-high interaction, we use Bernstein, Holder, Bernstein 
again, and (j2.15p : 

E \\Pk{Pk,V ■ Pk,^„^^)hl^ < E '^'^^\\Pk,V ■ Pk2dm^\\LfLl 

|A:i-A:2|<8 |A:i-fc2|<8 
fci,fc2>fc-4 ki,k2>k—A 

< E 2'^^^\\PkML^Li\\Pk2dmV\\Ll^ 

\ki-k2\<8 
k\,k2>k—A 

< ^ 2^^+^^)/^\\P,^v\\L^^2\\Pkdr,M\Ll^ 

|fcl-fc2|<8 
fcl,fc2>fc— 4 



< ^ 2'^>'-^-y^\\Pk,dM\LrLl\\Pk2dm^U^ 



4 

t.x 



Therefore 



and 



|fci-A:2|<8 
ki,k2>k-4 

fc2>fe-4 

<bk. 

\PkMO)\\Lf <bk 



Y\\Pki^m{0)\\l,^^ <Ybl^ YWPkdn^mWliy 

kez ' fcez fcez 

By using (I2.2p . creating an frequency envelope for Pkdm^{Qi), and re- 
versing the roles of ij^a and in the preceding argument, we conclude the 
reverse inequality 

Y\\Pkdm.m\\\^ < YWPf^^rnmWl.y 

fcez ' fcez 

□ 
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5. Local smoothing and bilinear Strichartz 

The main goal of this section is to estabhsh the improved bihnear Strichartz 
estimate of Theorem 14.81 As a by-product we also obtain the frequency- 
localized local smoothing estimate of Theorem 14.91 



Our approach is to first establish abstract local smoothing and bilinear 
Strichartz estimates for solutions to certain magnetic nonlinear Schrodinger 
equations. These are in the spirit of [HI [JOl [60]. We shall then apply 
these to Schrodinger maps, in particular to the paralinearized derivative 
field equations written with respect to the caloric gauge. 

We introduce some notation. Let /^(R'^) denote the set {S^ G R*^ : |^| G 
[— 2^~^, 2^^+^]} and /(_oo,fc] ■= UjKk-^j- -^^^ ^ d-vector-valued function B = 
(Be) on R'^ with real entries, define the magnetic Laplacian A^, acting on 
complex- valued functions /, via 

Ab/ := (9. + iB){{d^ + iB)f) = A/ + + 2iBedJ - Bjf. (5.1) 

For a unit vector e G S"'"^, denote by {x-e = 0} the orthogonal complement 
in R'^ of the span of e, equipped with the induced measure. Given e, we 
can construct a positively oriented orthonormal basis e,ei, . . . ,e^„i of R"^ 
so that ei, . . . , e^„i form an orthonormal basis for {x • e = 0}. For complex- 
valued functions / on R'^, define E'el/) : R — ^ R as 

i?e(/)(xo) := / \ffdx'=[ \f{xoe + xje,)\^dx', (5.2) 

Jxe=0 JRrf-i 

where the implicit sum runs over 1,2,... ,d — 1, and dx' is standard d — 1- 
dimensional Lebesgue measure. We also adopt the following notation for 
this section: for z, (" complex, 

z AC := zC - zC = 2iIm(zC). 
5.1. The key lemmas. 

Lemma 5.1 (Abstract almost-conservation of energy). Let d > 1 and e G 
S''-^ Let V be a C^{H^) function on R^ x [0,T] solving 

{idt + Aa)v = A„ (5.3) 

with initial data vq. Take Ae to be real-valued, smooth, and bounded, with 
A_4 defined via 115. Then 

< ll^^o|li2 + / / vAAydxdtl. (5.4) 
* Jo Jw^ 



Proof. We begin with 



':dt 



Ivl'^dx 



lm{vdtv)dx, 
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which may equivalently be written as 

Substituting from (I5.3p yields 

idt J\v\'^dx = J V A {A_/(V — Ai,) dx. 

Expanding A_4 using (15. ip and using the straightforward relations 
d£{v A iAev) = V A i{d£Ae)v + v A liAgdiv 



and 



we get 



di{v A div) = V A Au, 



^'dx = I di{v A dev)dx + / di{v A iAiv)da 



idt I \v 



The first two terms on the right hand side vanish upon integration in x; the 
third is equal to zero because A'j is real. Integrating in time and taking 
absolute values therefore yields 



v{r)\' - {vol'dx 



T' 



V A Aydxdt 



JR.'i 



for any time T' G (0,T]. 



□ 



Lemma 5.2 (Local smoothing preparation). Let d > 1 and e € S'^ ^. Let 

j,k € Zi and j = A; + 0(1). Let Em > be a small positive number such that 
em2'^(^) < 1. Let v be a C^{H^) function on R'^ x [0,T] solving 



{idt + Aa)v = Ay, 
where Ag is real-valued, smooth, and satisfies the estimate 

< F 2^ 



(5.5) 



(5.6) 



The solution v is assumed to have (spatial) frequency support in 1^, with the 
additional constraint that e • ^ G [2-'"^, 2-'^"^] for all ^ in the support of v. 
Then 



T 



2^ / E^{v)dt < \\v\\i^^,+ 



V A Aydxdt 



Jxe>0 



+2^ / Ee{v+i2-^dev)dt. 

(5.7) 
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Proof. We begin by introducing 

Me{t) := / \v{x,t)\^dx. 

Jxe>0 

Then 

< Me{t) < lkWlli2(Rd) < lblli-L2([_T,T]xRrf)- (5-8) 

Differentiating in time yields 

iMe{t) = V A {idtv)dx 

Jxe>0 



V A (A^w — Ay)dx, 

x-e>0 



wliich may be rewritten as 



iMe{t) = I de{v A {di + iA£)v)dx - vAA^dx. (5.9) 

Jxe>0 Jxe>0 

By integrating by parts, 

/ de{v A {de + iAe)v)dx = — v A {deV + ie ■ Av)dx', 

Jxe>0 Jxe=0 

and therefore (j5.9p may be rewritten as 

V A {deV + ie ■ Av)dx' = iMe{t) + vAA^dx. (5.10) 

a;-e=0 J xe>0 

On the one hand, we have the heuristic that deV ~ i2^v since v has locahzed 
frequency support. On the other hand, since A is real-valued, we have 

/ / V Aie- Avdx'dt = 2 [ [ e ■ Alvl"^ dx' dt (5.11) 

Jo Jx-e=0 Jo Jx-e=0 



and hence by assumption (j5.6p also 

/ / \A\\v\'^dx'dt<em2^ [ [ \v\'^dx'dt. (5.12) 

Jo Jxe=0 Jo Jx-e=0 

Together these facts motivate rewriting v A d^v as 

V Ad^v = 2- i2J>|2 + v A {d^v - i2^v). (5.13) 

Using (fSHT) . (I5T3]1 . and the bounds (f5l^ and in (l5T0]l . we obtain 
by time-integration that 



[I - e^2^-^)2J' / E,{v)dt < Ibllioo^a + / / 

Jo * ^ JO Jx 



V A Aydxdt 



'0 Jxe>0 

+ 2-2^ [ [ \v + i2~^dev\\v\dx'dt. 

Jo Jxe=0 

Applying Cauchy-Schwarz to the last term yields 

2^ [ I \v+i2-^dev\\v\dx'dt<8-2^ [ Ee{v+i2-^d^v)dt+--2^ f E^{v)dt. 

Jo Jxe=0 Jo 8 Jo 
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Therefore ()5.7p . 



□ 



We now describe the constraints on the nonhnearity that we shall require in 
the abstract setting 

Definition 5.3. Let "P be a fixed finite subset of {1 < p < oo}. A bilinear 
form B{-, •) is said to be adapted to V provided it measures its arguments 
in Strichartz-type spaces, the estimate 

rT 



fAgdxdt <B{f,g) 

holds for all complex- valued functions f,g on R'^ x [0,T], Bernstein's in- 
equalities hold in both arguments of B, and these arguments are measured 
in Lx only for p & V. Given B{-, •) and e S S*^"^, we define -Be('; •) via 

Beif^a) ■■= B{f,X{x-e>0}9)- 



Definition 5.4. Let e G S'^ ^ and let Ae be real-valued and smooth. Let v 
be a C^{H^) function on R"^ x [0,r] solving 

{idt + Aa)v = Ay. 

Assume v is (spatially) frequency-localized to Ik with the additional con- 
straint that e-^ € [2-'"^, 2^^^] for all ^ in the support of v. Define a sequence 
of functions {v^"^^}"^^^ by setting v^^^ = v and 

^(m+l) v("^) + i2~^ deV^'^l 

By (15. ip and the Leibniz rule, 
where 

A„(„) := (l+i2-^ae)A„(™_i)+i2-J'(iaea,Af-aeA2)z;(— i)-2"^^+i(aeA,)afz;('"-^). 

The sequence {v^'^^}'^^^ is called the derived sequence corresponding to v. 

Suppose we are given a form B adapted to V. The derived sequence is said 
to be controlled with respect to B^ provided that Be{v^'^\ A^(m)) < oo for 
each m > 1. 

We remark that if the derived sequence {v^"^^}'^^i of v is controlled, then 
for all i> 1, the derived sequences {v^"^^}^^^ are also controlled. 

Theorem 5.5 (Abstract local smoothing). Let d > 1 and e G S^^^^. Let 
j,k G Z and j = k + 0(1). Let Em > be a small positive number such 
that Em^'''^^^ ^ 1- Let r] > 0. Let V be a fixed finite subset of (l,oo) with 
2 £ V, and let B^ be a form adapted to V . Let v be a C^{H^) function on 
X [0, T] solving 

{idt + Aa)v = A„, (5.14) 



CONDITIONALLY GLOBAL SCHRODINGER MAPS 47 

where Ag is real-valued, smooth, has spatial Fourier support in I[-oo,k]> o.f^d 
satisfies the estimate 

PIIl- < e«^2^ (5.15) 

The solution v is assumed to have (spatial) frequency support in 1^. We take 
At, to be frequency-localized to /(_oo,A,-] • 

Assume moreover that 

e-^G [(l-r?)2^(l+r?)2^] (5.16) 
for all ^ in the support of v. 

If the derived sequence of v is controlled with respect to B^, then there exist 
ij* > such that, for all < rj < if , the local smoothing estimate 

2^1 E,{v)dt<\\v\\l^^,+B,{v,K) (5.17) 
holds uniformly in T and j = /c + 0(1). 

Proof. The foundation for proving (j5.17p is (j5.7p , which for an adapted form 
-Be iniphes 

rT rT 

2^ Ee{v)dt <\\v\\la.^2 + Be{v,A^) + 2^ E^iv + i2-^ dev)dt. (5.18) 
Jo * Jo 

Therefore our goal is control the last term in (|5.18p . This we do using a 
bootstrap argument that hinges upon the fact that v := v -\- i2~^deV is the 
second term in the derived sequence of v, and that being "controlled" is an 
inherited property (in the sense of the comments following Definition 15. 4p . 

By Bernstein's and Holder's inequalities, we have 

rT 



2^ [ E,{v)dt < 2^^T\ 
Jo 



7,l|2 



for any v. For fixed T > and A; G Z, let K^^k > 1 be the best constant for 
which the inequality 

2^ E^{v)dt<KT,k{\\v\\l2+B^{v,A^)^ (5.19) 

holds for all controlled sequences. Applying ()5.19p to v results in 

2^ ^ E,{d)dt < KT,k {\\v\\l2 + B,iv, A,)) , (5.20) 

and thus we seek to control norms of v in terms of those of v. 

Let Pk,Pj^e denote slight fattenings of the Fourier multipliers Pk,Pj^e- On 
the one hand, Plancherel implies 

||(l + i2--'5e)P,,ePfc||L2^Li<ry- (5-21) 
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On the other hand, Bernstein's inequahties imply 

11(1 + i2-^ae)P,-,ePfc||LP^Lg < 1, 1 < P < OO. 

Therefore it follows from Riesz-Thorin interpolation that 

11(1 + ^2-^^.)h.hU^Ll < { "^^2%, 

Restricting to p G "P, we conclude that there exists a q > such that 

11(1 + i2~^d,)Pj,,Pk\\LP^L^^ < (5.22) 
for all p £ V and all r] small enough. 
Applying (|5.22p and Bernstein to v yields 

which, combined with ()5.20p and (jS.lSp . leads to 

2^ £ E,{v)dt < (1 + v''KT,k) (\Hl^Ll + Be{v, A.)) . 

As -f^T.fc is the best constant for which (j5.19p holds, it follows that 

KT,k < 1 + v''KT,k 

and hence that -f^T.fc ^ 1 for ij small enough. □ 
Corollary 5.6. Given the assumptions of Theorem \5. 51 it holds that 

2^ [ E,{v)dt < \\vo\\l2 + B{v, A,) + B,{v, A,) 
Jo 



Proof. This is an immediate consequence of Theorem 15.51 and Lemma 15.11 

□ 

Corollary 5.7 (Abstract bilinear Strichartz). Let d > 1 and e e S'^"^. Set 
e = (— e,e)/\/2. Let j,k G Z and j = k + 0(1). Let Sm > be a small 
positive number such that em2'^^^^ ^ 1. Let r] > 0. Let V be a fixed finite 
subset of (1, oo) with 2 G V, and let be a form that is adapted to V. 

Let w{x, y) be a C^{H^y) function on R^*^ x [0, T], equal to wq at t = and 
solving 

{idt + = A^, 

where Ak' is real-valued, smooth, has spatial Fourier support in /(_oo,fc]; o-i^'d 
satisfies the estimate 

Assume w has (spatial) frequency support in Ik and that 

e.^G [(l-ry)2^ (1+77)2^] 
for all ^ in the support of w. Take A^ to be frequency-localized to /(_oo,fc]- 



CONDITIONALLY GLOBAL SCHRODINGER MAPS 49 

Suppose that w{x,y) admits a decomposition w{x,y) = u{x)v{y), where u 
has frequency support in Ii, i <^k. Use uq,vo to denote u{t = 0),v{t = 0). 
If the derived sequence of w is controlled with respect to B^, then 

\\uv\\l2 <2^^'^-^h-^ (\\uo\\l,\\vo\\l, +Biw,A^) + B^{w,A^)) (5.23) 

uniformly in T and j = k + 0(1) provided ry is small enough. 

Proof. Taking into account that 

IkollLl,^ = ll^^o||L2|bo||L2, 
we apply Corollary 15.61 to w at (x, y) = 0: 

2^ [ E^{w)dt<\\uo\\l2\\vo\\l2+B{w,AJ + B^{w,AJ. (5.24) 

JO XX 

We complete {—e,e)/\/2 to a basis as follows: 

(-e, e)/V2, (0, ei), . . . , (0, e^^i), (e, e)/V2, (ei, 0), . . . , (e^.i, 0). 
On the one hand, Ee{w){0) is by definition (see (|5.2p ) equal to 

/ / \u{0 ■ e + re + Xjej,t)v{0 ■ e + re + yjej,t)\'^dx'dy'dr. 

We rewrite it as 

/ / \v{re + yjej,t)\'^dy' / \u{re + Xjej,t)\'^dx'dr. (5.25) 
On the other hand, 



uv\\l^ = / \uiy,t)\ \viy,t)\ dy 

y iTtd 



|2 



y 



\u{re + yjej)\ \v{re + yjej)\ dy dr, 

R JRrf 1 

and by applying Bernstein to u in the y' variables, we obtain 

/ / \v{re + yjej)\'^dy' / \u{re + Xjej)\'^dx'dr. 
yRjRd-i jRd-i 

(5.26) 

Together ([Oe]) . ([OS]) , and ((Oil) imply i^M). □ 

5.2. Applying the abstract lemmas. We would like to apply the abstract 
estimates just developed to the evolution equation (j2.7p . We work in the 
caloric gauge and adopt the magnetic potential decomposition introduced 
in ^4.4i Throughout we take e as defined in (j4.18p . 

Our starting point is the equation 

{idt + A)V'm = -Bm.loAlo + -Bm.hiVhi + Ki- (5-27) 
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Applying Fourier multipliers Pk, Pj^gPk, or variants thereof, we easily obtain 
corresponding evolution equations for Pktpm, PjfiPk, etc. In rewriting a 
projection P of (I5.27P in the form (j5.3p . evidently /S.^ij)rn should somehow 
come from APipm — PBm,\oAio, whereas PBm,hi\/hi + PVm ought to constitute 
the leading part of the nonlinearity A. Fourier multipliers P, however, do not 
commute with the connection coefficients A, and therefore in order to use 
the abstract machinery we must first track and control certain commutators. 
Toward this end we adopt some notation from |52j . 

Following [521 §1]7 we use Lo{fi, ■ ■ ■ , fm)is, x, t) to denote any multi-linear 
expression of the form 

Lo{fi,---Jm){s,x,t) 

■■= j K{yi,.. . ,yM(c)fiis,x - yi,t) . . . fm{s,x- yM(c),'t)dyi ■ --dyMic), 

where the kernel K is a, measure with bounded mass (and K may change 
from line to line). Moreover, the kernel of Lq does not depend upon the 
index a. Also, we extend this notation to vector or matrices by making K 
into an appropriate tensor. The expression Lo{fi, • • • , fm) may be thought 
of as a variant of 0(/i, . . . , fm)- It obeys two key properties. The first is 
simple consequence of Minkowski's inequality (e.g., see [521 Lemma 1]). 

Lemma 5.8. Let Xi, . . . , Xm, X be spatially translation-invariant Banach 
spaces such that the product estimate 

ll/l • • • fm\\x < Coll/lllxi • • • ||/m||x™ 

holds for all scalar-valued fi G Xi and for some constant Cq > 0. Then 

WLoifl, . . . , fm)\\x < (Cd)^-Co||/l||x, • • • ll/mllx™ 

holds for all fi G Xi that are scalars, d-dimensional vectors, or dx d matri- 
ces. 

The next lemma is an adapation of |52l Lemma 2]. 

Lemma 5.9 (Leibniz rule). Let P^. be a C°° Fourier multiplier whose fre- 
quency support lies in some compact subset of /^(R'^). The commutator 
identity 

P'u{fg) = fP'ug + Lo{d,f,2-^g) 

holds. 

Proof. Rescale so that A: = and let m(^) denote the symbol of Pg so that 



CONDITIONALLY GLOBAL SCHRODINGER MAPS 51 

By the Fundamental Theorem of Calculus, we have 

[Poifa) - fHa) (s, x,t) = I m{y) {f{s, x-y,t)- f{s, x, t)) g{s, x-y, t)dy 

-1 f 

rh{y)y • dxf{s, X - ry, t)g{s, x-y, t)dydr. 



/o JW 

The conclusion follows from the rapid decay of m. □ 

We are interested in controlling Pg^Pf^ipm in L^'"^ over all G S"*^ and |j — 
A;| < 20. In the abstract framework, however, we assumed a much tighter 
localization than Pg j provides. Therefore we decompose Pg^ as a sum 

P= E Ps,j,u (5.28) 

i=l,...,0((ry*)-i) 

and it suffices by the triangle inequality to bound Pe,j,iPk'4'm- We note 
that this does not affect perturbative estimates since t]* is universal and in 
particular does not depend upon ei,e. 

For notational convenience set P := Pgj^iPk- Applying P to (j5.27p yields 

{idt + A)P^rn = P {Bm,\oh\o + ^m.hiVhi + V.m) ■ 

Now 

PBm,\oh\o = -iP E (^K^^.loAlo-Pfca^m) + AloAlo^^-PfcgV'm), 
fc3-fc|<4 

as P localizes to a region of the annulus 7^. Applying Lemma [5. 9 1 we obtain 

-P^m,IoAlo = -i{dt{A(,^\oMoP'^m) " ^^^.loAlo^^^P^m) + R 

where 

,loAlo5 ,loAlo5 n 

\k3-k\<4 

(5.29) 

Set 

Am '■— ^m,loAlo- 

Then 

(idt + A^)PVm = i^(5rn,,hiVhi + K^) + ^'^'^m + R- (5.30) 

It is this equation that we shall show fits within the abstract local smoothing 
framework. 

First we check that Lemmas 1 5 . 1 1 and 1 5 . 2 1 applv. The main condition to check 
is (|5.6p . Key are (j2.14p and Bernstein, which together with the fact that A 
is frequency-localized to /(_oo,fe] provide the estimate 

r oo ^ 2^ . 
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To achieve the Em gain, we adjust to, which forces a gap between and 
the frequency support of A, i.e., we locaUze A to /(_oo,fc-ro] instead. Thus 
it suffices to set zu G Z+ equal to a sufficiently large universal constant. 

There is more to check in showing that (|5.30p falls within the purview of 
Theorem 15.51 Already we have d = 2, e = 0, ~ 2~^, Am '■= ^m,ioAio) 
V = Pe,j,iPk'4'm, and A^, = P(-B„^hivhi + Vm) + AlPtpm + R- 

Next we choose V based upon the norms used in N^, with the exception of 
the local smoothing/maximal function estimates. To be precise, define the 
new norms Nk via 

ll/ll^.(T)^=, ,_^inf^^l|/l||^4/3+2^/6||/2|| 3/2.6/5 +2'=/6||/3||^3A6/5 

+ 2"''/^||/4||^6/5,3/2 + 2"'^/^||/5||^6/5,3/2 
h «2 

and similarly Gk via 

\LrLi + \\f\\Li^ + 2-'/'\\fhtLr 



+ 2-^'/6 sup 11/11^3.6 + 2'=/6 sup sup ||P,-,e/|li6,3. 

06S1 " |j-A:|<20eeSi " 



Set V = {2, 3, 3/2, 4, 4/3, 6, 5/6}. We define the form B{-, •) via 

B{f,9)--=\\f\\G,iT)\\9\\N,iT) (5-31) 

and Bg by 

Be{f,g):=B{f,X{..0>o}g) (5.32) 
as in Definition 15.31 That Bg is adapted to P is a direct consequence of the 
definition. 

Proposition 5.10. Let rj > be a parameter to be specified later. Let d = 2, 

e = ^, ~ 2""^, Arn '■= ^m,loAlo, V = Pg'^jjPk'lpm, = -P(-Bm,hiVhi + Ki) + 

AlPTpm + R, andV = {2,3,3/2,4,4/3,6,5/6}. LetB,Bg be given by < f07]) 
and i5.32\) respectively. Then the conditions of Theorem \5. 51 are satisfied and 
the derived sequence of v is controlled with respect to Bg so that conclusion 
(5.11) holds for v = Pg^j iPk'ipm given rj sufficiently small. 

Proof. The only claim of Proposition 15.10] that remains to be verified is that 
the derived sequence of v = Pgj^iPk'4'm is controlled with respect to Bg. In 
particular, we need to show that for each (7 > 1 we have 

Se(^^^'^A„(,)) <oo, 

where v^'^'^ := Pgj,iPkipm, 

y{q+i) ■- v^'i) + i2-^ dgv^'i\ 

and 

A„(,+i) := (1 + l2~^dg)A,(,) + i2~^{idgdeAi - dgAj)v^''^ - 2~^+\dgAi)dM'^ . 
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We first prove the following lemma. 

Lemma 5.11. Let a G [0,cri — !]• The right hand side of Ii5.30\) satisfies 
||P(S,n,hivhi + + < e2-'^^6fc(a). 



Proof. We will repeatedly use implicitly the fact that the multiplier Pe,j,i is 
bounded on L^, 1 < p < oo, so that in particular P obeys estimates that are 
at least as good as those obeyed by P^. 

From Corollaries EH ma of §S31[ia]it follows that Pk{Brn,h\yh\ + Kn) is 
perturbative and bounded in Nk{T) by e2~^^hk{(y). The Nk{T) estimates 
on PVm immediately imply the boundedness of A'^Ptpm- 

To estimate R, we apply Lemma [3. 101 to bound PBm,\oAio by 

X \\Pk,{Dei;e{s))\\F,^ \\Pk^i^^{0)\\G^^ds, 
which, in view of (|4.12p . (j4.13p . and (I4.25|) . is controlled by 

(fci,fc2,fc3)eZi(fc) 

Summation is achieved thanks to Corollarv 13.111 □ 



We return to the proof of the proposition, and in particular to showing that 
j;) < oo. With the important observation that the spatial multiplier 
Xx-6>o is bounded on the spaces Nk{T), we may apply Lemma lS.lll to control 
Xx e>o^v in -^fc- Since by assumption Ptpm is bounded in Gk{T) (even in 
Gyfc(T)), we conclude that Bg{v,Ay) < oo. 



Next we need to show Bq^v"^ , A^q) < oo for q > 1. By Bernstein, 
Similarly, 



1^ llGfc(T) ~ 11^ llGfc(T)- 



(9) 



11(1 + l2 ■')56lA^,(q)||^^^^^ < \\A^(q-l)\\^^^j,y 

Thus it remains to control i2~^ {idedeAe — d0Aj)v^'^^ and 2~^~^^{deAe)d£V 
in Nk for each q > 1. Both are consequences of arguments in Lemma 15.111 
Boundedness of 2^^ {dgd£Ae)v^'^^ and 2^^'^^{dgAe)d£V^'^^ follows directly from 
the argument used to control R and from Bernstein's inequality, whereas 
boundedness of 2~^ {d0Aj)v^'^'^ is a consequence of Bernstein and the esti- 
mates on A^Pipm from ^4.3[ □ 
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Combining Lemma 15.111 and Proposition 15.101 we conclude that Corollary 
15.61 applies to v = Pipm, with right hand side bounded by 2~^°"''"cfc(cr)^ + 
e2~^'^'^6fc(cj)^. In view of the decomposition (I5.28p . we conclude 

Corollary 5.12. Assume a G [0,(Ti — 1]. The function Pkipm satisfies 

sup sup \\Pj,gPktl^m\\LO.,2 < 2-'=/2(2-'^'=Cfc(a) + e^/^2-'''bkia)), 

|j-fc|<20e6Si * 

thereby establishing Theorem 14. 9[ 

Our next objective is to apply Corollarv l5.7l to the case where w splits as a 
product u{x)v{y) where u, v are appropriate frequency localizations of V'm or 
iprri- First we must find function spaces suitable for defining an adapted form. 
We start with {idt + ^Aj'w = and observe how it behaves with respect to 
separation of variables. If w{x,y) = u{x)v{y), then the left hand side may 
be rewritten as u ■ {idt + ^Ay)'^ + ^ " (^f^t + '^Ax)''^- Let := {idt + A_4^)ti 
and := [idt + A_Ay)v. Then 



as follows: in the case of the first term u{x)v{y)Ku{x)v{y) we place each 
v{y) in L'^Ly-, we bound u{x)Au{x) by placing u{x) in Gj and A.u{x) in Nj. 
To control u{x)v{y)u{x)K^{y) , we simply reverse the roles of u and v (and 
of X and y). This leads us to the spaces Nk/ defined by 



{idt + Ayi)(nv) = nA„ + -yA, 



We control 




u{x)v{y) {Au{x)v{y) + u{x)Ai,{y)) dxdydt 



WfW 



inf 

J&Z+J(x,y)= 

E jii (9j {^)It-3 {y)+aj+i (y)) 





(5.33) 



and the spaces G^/ defined via 



(5.34) 



We use these spaces to define the form B{-,-) by 

B{f,g) := ll/lb,.,(T)ll9llAr,.,(T) 



(5.35) 



and the form Bq by 



Be{f,9) ■= B{f,x{{x,y)-e>o}9) 



(5.36) 



where 9 := {-9,9). 
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Proposition 5.13. Let ij > be a small parameter and w G Z-|_ a large 
parameter, both to be specified later. Let j,k,i £ Z, j = k + 0(1), £ <^ k. 

Let d = 2, e = 9, ~ 2"^, Ax := ^m.ioAio, v = Pg^^.^^Pfc^m, K = 
PiBmMvhi + Kn) + AlPi^m + R, and V = {2,3,3/2,4, 4/3, 6,' 5/6} . Here R 
is given by 115. 29\} . Also, let u = Pgipp, p G {1,2} and Au = -P£(-Bp,hivhi + 
Vp) + A'^Piipp + R' , where R' is given by 115.29]} . but defined in terms of 
derivative field ip^ and frequency i rather than iprn and k. 

Let w{x,y) := u{x)v{y), A := {Ax, Ay), := A^v + uA^. Then, for w 
sufficiently large and rj sufficiently small, the conditions of Corollary \5. ?| are 
satisfied and \5.23\) applies to u{x)v{x). 

Proof. The frequency support conditions on A and A^^, are easily verified. 
That the L°° bound on A holds follows from (j2.14p and Bernstein provided 
w is large enough (cf. discussion preceding Proposition IS.lOp . In order to 
guarantee the frequency support conditions on w, it is necessary to make 
the gap I <^k sufficiently large with respect to 

That Bq is adapted to is a straightforward consequence of its definition. 
To see that the derived sequence of w is controllable, we look to the proof 
of Proposition 15.101 and the definitions of the Nk,i, Gk,i spaces. □ 

In a spirit similar to that of the proof of Corollary 15.121 we may com- 
bine Lemma 15.111 and the proof of Proposition 15.101 to control B{w,Ayj) -\- 
^); in fact, in measuring A^ in the Nj^i spaces, it suffices to take 
J = 1 (see ([03]) ). Then we obtain B{w,Ay,) + Be{w,Ay,) < ehj2-''Hk{a). 
Using decomposition (|5.28p and the triangle inequality to bound Pkipm in 

(v) 

terms of the bounds on Pq ■ ^Pk'Pm, we obtain the bilinear Strichartz ana- 
logue of Corollary 15.121 In our application, however, the lower-frequency 
term will not simply be Pjipi, but rather its heat flow evolution Pjil)^{s). 

Corollary 5.14 (Improved Bilinear Strichartz). Let j,k G Z, j ^ k, and 

u G {Pjtp(!,Pffe : j < k -wj e {1,2}}. Then for s > 0, a G [0, cJi - 1], 

\\u{s)Pk^Pmm\Ll^ - 2(^'-'=)/2(l + s22jr'2^'^' (c,Cfc(a) + ebMa)) . (5.37) 



Proof. It only remains to prove ()5.37p when s > 0. Let v := Pkipm- Using 
the Duhamel formula, we write 

u{s)v = {e'^u{0))v{0) + e(^-^')^C/(sO ds' ■ v{0), (5.38) 

Jo 

where U is defined by ()2.2ip in terms of u. 

To control the nonlinear term e^^~^'^^U{s') ds' ■v{0) in L^, we apply local 
smoothing estimate (|3.1ip , which places the nonlinear evolution in Fj (T) and 
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v{0) in GkiT). Using Lemma 17.111 to bound the Fj{T) norm, we conclude 

II r e^'-''^^U{s') ds' ■v{0)\\l2 <e2(j-^)/2(l + s22j)-42— (5.39) 

It remains to show 

\\{e'^u)vh2^^ < (1 + s22jr'2(^'-')/'2-'^'=(c,-Cfc(a) + ebM<^)), (5-40) 

which is not a direct consequence of the time s = bound. Let Ta denote 
the spatial translation operator that acts on functions f{x,t) according to 
Taf{x,t) := f{x - a,t). Then, if 

\\ir.,u)i%,v)hi^ < 2(^--'=)/22--'=(c,Cfc(^) + ebM'^)) (5-41) 

can be shown to hold for all xi,X2 G R^, then (I5.40p follows from Minkowski's 
and Young's inequalities. 

Consider, then, a solution w to 

{idt + A^(x, t))w{x, t) = Aw(x, t) 

satisfying the conditions of Theorem 15.51 The translate Txo'w{x,t) then 
satisfies 

{idt + Ar^^^(^_A)(x,t)){Txo'w){x,t) = {%oK){x,t). 

The operator Txq clearly does not affect bounds or frequency sup- 
port conditions. The only possible obstruction to concluding (|5.17p is this: 
whereas the derived sequence of w is controlled with respect to Be, in the 
abstract setting it may no longer be the case that the derived sequence of 
TxqW is controlled. This is due to the presence of the spatial multiplier 
in the definition of B^. Fortunately, as already alluded to in the proof of 
Proposition (|5.10p . in our applications we do enjoy uniform boundedness 
with respect to any spatial multipliers appearing in the second argument of 
an adapted form B^. Therefore Proposition 15. 131 holds for spatial translates 
of frequency projections of ^m, from which we conclude ()5.4ip . □ 

This establishes Theorem 14. 8[ 



6. The caloric gauge 

In §6.11 we briefly recall from [44] the construction of the caloric gauge and 
some useful quantitative estimates. In §6.2l we prove the frequency-localized 
estimates stated in §2.31 
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6.1. Construction and basic results. In brief, the basic caloric gauge 
construction goes as follows. Starting with i/g'-class data ip^ : — )• 
with energy E{ipQ) < Ecrit, evolve ipo in s via the heat flow equation (12. lip . 
At s = oo the map trivializes. Place an arbitrary orthonormal frame e(oo) 
on T^(s=oo)S^. Evolving this frame backward in time via parallel transport 
in the s direction yields a caloric gauge on ip*T^(^g^^-^S'^ . 

For energies E{ipQ) sufficiently small, global existence and decay bounds 
may be proven directly using Duhamel's formula. In order to extend these 
results to all energies less than -Bcritj we employ in [53] an induction-on- 
energy argument that exploits the symmetries of (j2.1ip via concentration 
compactness. 

In [H] the following energy densities play an important role in the quanti- 
tative arguments. 

Definition 6.1. For each positive integer k, define the energy densities e^ 
of a heat flow by 

:= {{p*V)j, ■ ■ ■ {p*V),,_,d,,p, {p*V)j, • • • {p*V)j,^,d,,ip), (6.1) 

where ji , . . . , are summed over 1 , 2 and V denotes the Riemannian con- 
nection on the sphere, i.e., for vector fields X, Y on the sphere denotes 
the orthogonal projection of dxY onto the sphere. 



A key quantitative result of [H] is the following 

Theorem 6.2. For any initial data (fQ G Hq with E{ipQ) < -Bcrit we have 
that there exists a unique global smooth heat flow ip with initial data pQ. 
Moreover, p satisfies the following estimates 

poo p 

/ / s^~^ek+iis,x) dxds <Eo,k'i- (6.2) 
Jo ^R2 

sup s''~W ekis,x) dx <Eo,k'^ 

0<s<oo JR2 

sup s''efc(s,x) <Eo,k 1 

0<s<oo 
a;eR2 

POO 

/ s'''^ sup efc(s,x) ds <Eo,k 1 (6.3) 

Jo xGR2 

for each k > 1, as well as the estimate 

roc r 

/ / el{s,x)dsds<Eol. (6.4) 
Jo JR2 



We employ ([62]), dSS]), and ([631) below. 
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6.2. Frequency- localized caloric gauge estimates. The key estimates 
to establish are (I2.35P for 99; most remaining estimates will be derived as a 
corollary. Our strategy is to exploit energy dispersion so that we can apply 
the Duhamel formula to a frequency localization of the heat flow equation 
()2.1ip . which for convenience we rewrite as 

5s(/? = + 99ei. (6.5) 



Proof of l[E35\) for ip. Let <ti G Z+ be positive and let 5" > 5" > 0. Let 
/C G Z+, T G (0,22^^] be fixed. Define for each t G {-T,T) the quantity 

CiS,t):= sup sup sup(l + s22^)'^l2'^S(^^)~'ll^fc9'(5,•,^)||L|{R2)■ 
CTG[2<5,c^l] se[o.s] fcez 

(6.6) 

For fixed t the function C{S,t) : [0, S"] — >• (0, 00) is well-defined, continuous, 
and non-decreasing. Moreover, in view of the definition (12.34^ of 7/0(17), it 
follows that lims^oC{S,t) < 1. A simple consequence of (16. 6p is 

-MLUn^) < C{S,t)il + s2^'^y^-2~-'^ki^) (6.7) 

for < s < S < 5'. 

Our goal is to show C{S,t) < 1 uniformly in S and t and our strategy is to 
apply Duhamel's formula to (|6.5p and run a bootstrap argument. Beginning 
with the decomposition 

\k2-k\<i 

^ Pfc(Pfci93 • P<fe-5ei)-h 

|fci-fc|<4 

^ PkiPkif ■ Pk2ei), 

fcl,fc2>fc— 4 
fel-fc2|<8 

we proceed to place in each of the three terms on the right hand side; 
we then integrate in s and consider separately the low-high, high-low, and 
high-high frequency interactions. 



Low-High interaction. By Duhamel and the triangle inequality it suffices 
to bound 

LH(.,t):= r e-is-s')2^'-' ^ \\Pk{P<k-5^{s' , ■,tyPk2ei{s' , ^miL^ds' . 

\k2-k\<4 

(6.8) 
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By Holder's inequality, \^p\ = 1, and L^-boundedness of the Littlewood-Paley 
multipliers, 

° |fc2-fc|<4 
° |fc2-fc|<4 

To control the sum we further decompose P^ei = Pi[dx^-dx'^) into low-high 
and high-high frequency interactions: 

P,ei = 2 Pi{P<i~^dx^-Phdx^)+ Y Pt{Phdx^-Pi2dx^)- {^■^) 

l£i--£|<4 £i,£2>-^-4 

Ki-f2|<8 

Low-High interaction (i). We first attend to the low-high subcase. For 
convenience set 'Eih equal to the first term of the right hand side of (j6.9p . 
i.e., 

:= Y, PiiP<e-5dxV{s,x,t) ■ Pe^dxip{s,x,t)). 

|£i-£|<4 

By the triangle inequality. Holder's inequality, Berstein's inequality, the def- 
inition (j6.ip for ei(s,-,t), and (j6.7p . it follows that 

mh{s,;t)\\Li< Y \\Pe{P<i~5dxV ■ Phdx'p)\\L^^ 

|^i-£|<4 

^ Y \\P<l^-5^M\L^\\Phdxf\\Ll 

|^i-£|<4 

< Y \\P<i-5^x^\\L^2'^\\Pi^V\\Ll 

\ei~e\<4 

<iiViriiL-2^ Y WPhvhi 

\ei-e\<4: 

<\\V^{s,;t)\\L^2'2-^'je{<7)C{S,t){l + s2^')-^K 
As we apply this inequality in the case where i = k2, \k2 — k\ < 4, we have 



e-(^-^')^''-'\\EUs', -Muds' 







Jo 

(6.10) 

Apply Cauchy-Schwarz. Clearly 

\ 1/2 

^i{s', -Minds'] <\\e,{.,.,t)t/i\^- (6.11) 
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We postpone applying (16. 3p with fc = 1 to ()6.1ip . As for the other factor, 
we have 

/ e-(^-^')2''"' (1 + s'22'=)-2-ids' j < (^s{l + s22'="i)"2-i (1 + s22'=)-i) 

(6.12) 



1/2 



Since 



Jo 

for s > 0, < A < A', and a > 1. Hence, applying Cauchy-Schwarz to (j6.10p 
and using (|6.1ip and (j6.12p . we get 

re-(^-^')2"-^||S,,(.',,t)||^.d.' 
Jo 

Discarding 5^/22^(1 + s2'^'')^/'^ < 1, we conclude 



e 



-(s_s')22'=-2||^ / / 



^ih{s',-,t)\\L2 ds' 







<2--S(a)C(5,0(l + s22'^-')-'^M|ei(t)|li(ig.([o,,]xR2)- (6.13) 



Low-High interaction (ii). We now move on to the high-high interaction 
subcase, setting "E^h equal to the second term of the right hand side of ()6.9p : 

ii,e2>i-4: 

1^1-^2 I <8 

By the triangle inequality, Bernstein, and Cauchy-Schwarz, 



'-'hh 



£i,£2>i-4: 
Ki-^2|<8 



< Yl 2'\\Pe,d,ip.P,,dM\Ll 



£i,e2>i-4: 

\ii-i2\<8 



< Yl 2'm,dM\Lim2dM\Li- 



At this stage we apply Bernstein twice, exploiting \ii — £2! < 8: 

\\Piidx^\\Ll\\P£2dx^\\Ll < '^^^\\PiidxV'\\L^JPi2^\\Ll 

<mM'y^\\L^m2^\\Li- 
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So 

£i,£2>^-4 
Ki-^2|<8 

Applying Cauchy-Schwarz yields 

/ \ 1/2 / X 1/2 

<\\mW\Lii\ E ii^^^^^iiii) • (6.14) 

V2>^-4 / 

As i-p takes values in S^, which has constant curvature, we readily estimate 
ordinary derivatives by covariant ones: 

IS^V'I < V^ + ei. (6.15) 

Applying ()6.15p in (I6.14p and using ()6.7p . we arrive at 

^hh{s,■MLl<\\^f^2^^l\\Ll^^\ E WPtM^Ll 

V2>^-4 

<||(V^ + ei)(.,.,t)||^22^C(5,t)x 

E (l + s22^^)-''^^2-2-^^7|^(a)' 

>£-4 

< ll(V^ + ei)(5,-,t)||z.|2^C(5,t)(l + s22^)-'^ix 

\ 1/2 

E ^-^'^'^tK^) . (6.16) 

^2>£-4 / 

As fj > (5 is bounded away from b uniformly, we may apply summation rule 
(j2.3ip in (j6.16p . Recalling 1 = where |/c2 — ^| < 4, we conclude 

P;^h(s,•,^)||z.| < ||(^/^ + ei)(s,.,t)||^22'=2-'^S(cT)C(5,t)(l + s22'=)-^ 

Integrating in s yields 

^-(-^')2--||H,,(.',.,t)||^2d.'< 

2^-2-'^Sfc(a)C(5,t) re"('^-^')2^''"||(V^ + ei)(s', .,011^2(1 + s'22'^)--id/. 

(6.17) 

We use the triangle inequality to write ||y^ + ei||j^2 < ||v^||l2 + ||ei||2,2 
and split the integral in (|6.17p into two pieces. By Cauchy-Schwarz and 
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re~is~s')2^'-'\\e,{s',;t)\\L2{l + s'2^''r'^^ds' 
Jo 



< ||ei (t) 11^. ^ f .(1 + s2''-Y'^^ (1 + s2'')-') ^'^ . (6.18) 



To the remaining integral we also apply Cauchy-Schwarz and (j6.12p : 

re-(^-')2^^-^ II , i) 11^. (1 + .'2^'=)"-^.' 

Jo 



< l|e2(t)||K' (s(l + s22'=-i)-2-i (1 + 522^^)-!)'^'. (6.19) 



Hence using Cauchy-Schwarz, (|6.18p . and (|6.19p in (j6.17p . we conclude 



e-(^-^')^""||H,,(.',.,OllL? ds' 







< 2"'^S,(a)C(5,t)(l + .22^-1)-- (llei(i)llLL + W^^^JJ ) ■ (6-20) 



Low-High interaction conclusion. Combining ()6.13p and (j6.20p . we con- 
clude in view of (j6.8p and the decomposition (j6.9p that 



LH(s,t) < 2~-Sfc(<T)C(5,t)(l + s22^-i)-'^ix 

(ll^iWIlSi" + + ll^2(i)lli('J • (6.21) 



High-Low interaction. We now go on to bound the high-low interaction. 
By Duhamel and the triangle inequality it suffices to bound 

HL(.,t):= re"(-«')2-- ^ ||P,(P,^(^(,', t).p<,_5ei(s', •, t))||^.ds'. 

|fci-fc|<4 
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By Holder's inequality, ()6.7p . and Bernstein's inequality, we have 

XI \\Pk{Pk^^{s, ■,t) • P<fc_5ei(s, ■,t))\\L2 
\ki-k\<4 

£ Yl \\Pkif\\Ll:\\P<k-5ei\\L^ 
|fci-fc|<4 

|fci-fc|<4 

< 2*^||P<,._5ei(5,-,t)||z.22-'^S(a)C(5,t)(l + s'22'=)-i. 

Hence 

HL(.,t)<2^2-Sfc(a)C(S,t) re-(^-^')2''-'(l+s'22'=)-i||ei(.',.,t)||i.d.'. 

JO 

Bounding the integral as in (j6.18p . we obtain 

RL{s, t) < 2-'^Sfc(a)C(5, t)(l + 82''^-')"^- l|ei(t) IIli,, • (6.22) 



High-High interaction. We conclude with the high-high interaction. Set 

HH(s,x,t):= r e-i^-s')^'"-' ^ \\Pk{PkMs,x,tyPk,ei{s,x,t))\\L2ds' . 

fcl,fc2>A:-4 
|fel-fc2|<8 

By Bernstein, Cauchy-Schwarz, and (j6.7p . 

fci,fc2>fc-4 
|fcl-fc2|<8 

< 2'=||Pfc,^||i2||Pfc,ei||i2 



fci,fc2>fc— 4 

|A;i-fc2|<8 



1/2 / \ 1/2 



^fci>fc-4 / V'^'2>fc-4 

\ 1/2 

<2'=| J] (l + .'22'=^)-2-2-2-'=^7fc,(^)'C(5,t)M ||ei(s,.,t)||^2 

^fci>fc-4 / 

|ei(.,.,t)||^22'=C(5,t) ( 5] (l + /22'=^)-2-i2-2-'=i7,,(a) ' 

\A;i>fc-4 

We handle the sum as in (j6.16p . taking advantage of the frequency envelope 
summation rule (j2.3ip . and conclude 

HH(.,t) < 2-'^Sfc(a)C(5,t)(l + s22^-i)-'^M|ei(t)||L2 . (6.23) 
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Wrapping up. For the linear term e^^Pk^p we have 

l|e PkmUl - ^ WPk^oUl 

< e-^2''~'2-'^Sfc(a). (6.24) 

Using (for]) . ([6221), (IPs]) , and (lOill in Duhamel's formula applied to the 
covariant heat equation ()6.5p . we have that for any s G [0,5*], i G {—T,T), 

2^''\\Pk^{s,;t)\\Ll{l + s2^T 

< 7fc(^) + LL{s, t) + LR{s, t) + HH(s, t) 

< 7fc(^) +7. (\\e^{t)\\];,\^ + ||e2(t)||^(' + ||ei(t)||, 

\ S X s,x 



In view of (j6.3p with = 1, (j6.2p with A; = 1, and (j6.4p . we may split up the 

1 /2 

s-time interval [0,oo) into Oeo{1) intervals Ip on which ||ei(t)||^i^oo(7 xR^)' 

1/2 ^ ^ ^ 

||e2(i)||j^ij;^i(j xr2)' ^'^'^ I|6i(*)IIl2l2(/pxR2) aiG all simultaneously small uni- 
formly in t. By iterating a bootstrap argument Oeo{^) times beginning 
with interval Ii, we conclude that C{s,t) < 1 for all s > 0, uniformly in t. 
Therefore 

\\Pk^{s)\\L^Ll < (1 + s22'=)^'^^2--S,(a) (6.25) 
for s £ [0, oo) and a >26. □ 

Remark 6.3. Having proven the quantitative bounds (j2.35p for ip, one may 
establish as a corollary the qualitative bounds (j2.36p for ip by using an 
inductive argument as in the proof of [U Lemma 8.3]. We omit the proof, 
noting in particular that the argument deriving (j2.36p from (j2.35p does not 
require a small-energy hypothesis. 



Proof of /i2. 35]) for v,w. We begin by introducing the matrix- valued func- 
tion 

R{s, X, t) := dsip{s, X, t) ■ ip{s, x, t)^ — ip{s, x, t) ■ dsip{s, x, t)^, (6.26) 

where here ip is thought of as a column vector. The dagger "f" denotes 
transpose. Using the heat flow equation ()2.1ip in ()6.26p . we rewrite R as 

R = A(p-ip^-ip- Atp^ (6.27) 
= dmidmP> ■ P'^ - P' ■ dmP'^) (6.28) 

and proceed to bound its Littlewood-Paley projections PkR in L^.. Noting 
that by Bernstein we have 

WPkidmidmP^ ■ P^^MlI ~ 2^-||Pfc(9™(^ • ip^)\\L2, (6.29) 
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we further decompose the nonhnearity Pk{dm^ " 

|fe2-fc|<4 

XI Pkidmif ■ P<k-4ip^ + 
\ki-k\<4 

Pk{Pk,dmV-Pk,^^). (6.30) 

ki,k2>k—4 
\ki~k2\<S 

By Holder's and Bernstein's inequahties and by ly?! =1 and (I6.25|) with 
Bernstein, 

\\P<k-4dm'p- Pk2f\\Ll^ '^''\\P<k~4<f\\L^\\Pk2f\\Ll 
lfe2-fc|<4 |fc2-fe|<4 

< 2^(1 + s22^-)""'2-"Sfe(f^)- (6.31) 

Similarly, 

Y \\Pkid,nip ■ P<k-M\Ll ^ J2 \\Pkidmip\\Ll\\P<k-A^\\L^ 
|fel-A;|<4 |fci-fc|<4 

< 2'=(1 + s22^')-'^i2-'^Sfc(<^)- (6.32) 

Finally, by Bernstein and Cauchy-Schwarz, energy decay, (|6.25|) . and fre- 
quency envelope summation rule p.Sip . we get 

Y \\Pk{Pkidm^- Pk2(p)\\Ll ^ Yl '^''\\Pkidm(p\\Ll\\Pk2^\\Ll 
ki,k2>k-4 ki,k2>k-4 
\ki-k2\<8 |A;i-A;2|<8 

fc2>fc-4 

<2'^ Y (l + s22'^)"''^2-'^'=^7fc,(a) 

fei>fc-4 

< 2^(1 + s2^^y^2^''''-fk{a). (6.33) 

Using the decomposition (16.30p and combining the cases (|6.3ip . (I6.32p . and 
(|6.33p to control (16.29p . we conclude from the representation (16.28P of R 
that for fixed t G {—T,T), 

2'^'^\\PkR{s, -MlI < 2''(1 + 522^)"'^^7fc(cT). 
As this estimate is uniform in T, it follows that 

2'^>'\\P,R{s)ho.L2 < 22'=(1 + s22^r'^^7fc(cT). (6.34) 
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By arguing as in [Jl Lemma 8.4], one may obtain the qualitative estimate 

SUp((l+.)(-+2)/2||g.^p^(^)||^^^^ 

{l + s)(-+'^)/^\\d-^d^R{s)U^] (6.35) 



s>0 



From the Duhamel representation of if and the exphcit formula for the heat 
kernel, one can easily show that qualitative bound 

\\R{s,;t)\\L^ ds <^ 1 

as in [441 §7]. Hence we may define v as the unique solution of the ODE 

dsV = R{s) • V and v{oo) = Q' , (6.36) 

where Q' G is chosen so that Q ■ Q' = 0. This indeed coincides with 
the definition given in [44] . since (I6.36P is nothing other than the parallel 
transport condition (93* V)^?; = written explicitly in the setting ^ R^. 
Smoothness and basic convergence properties follow as in [44], to which we 
refer the reader for the precise results and proofs. Our goal here is to exploit 
(fOHjl and dOi]) to prove (fOKjl for v. 

Using f^Wd^dj^ R{s))\\l^_^ ds < 00 from ()6.35p . we conclude 

sup(l + s)^'^+'^/^d-,d?{v{s) - QOllLr. < 00 (6.37) 

s>0 

for o", p € Z+ . Integrating (I6.36P in s from infinity, we get 

/oo rco 
R{s') .Q'ds' = - R{s') ■ {v{s') - Q') ds', (6.38) 
J s 

which, combined with estimates ()6.35p and (j6.37p . implies 

supsup(l + s)''^'^2''^\\Pkd^v{s)\\L^L2 < 00, (6.39) 

i.e., ()2.36p for v. Projecting ()6.36p to frequencies ~ 2^ and integrating in s, 
we obtain 



/oo 
Pk{Ris')-v{s'))ds'. (6.40) 



Set 



Ci{S,t):= sup sup sup7fc(a)-^(l + s22'=)-i-i2'^'=||Pfct;(s,-,t)||i2. 
cre[2<5,(Ti] sG[5,oo) fcez 

That Ci{S,t) < 00 follows from (fOOD and sup^gz 7fc(cr)-i2-'^l'=l < 00. Con- 
sequently, for s G [S, 00), 

\\Pkv{s, •, OIIl?, < Ci(5, t){l + s22^)--^+i2-'^S(a). (6.41) 



^ We may alternately invoke (|6.35p as in [4]. 
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We perform the Littlewood-Paley decomposition 

Pk{R{s)v{s)) = Pk{P<k-4Ris)Pk,v{s))+ 

|fc2-fc|<4 
\ki~k\<4: 

Y Pk{P>k-iR{s)PkAs)) (6.42) 

k2>k-A 

and proceed to consider individually the various frequency interactions. By 
Holder's inequality, Bernstein's inequality, and ()6.4ip . 

Y \\Pk{p<k-iR[s)Pk,v{mLi 

|fc2-fc|<4 

< \\P<k-AR{s)\\Ll\\Pk,v{s)\\L^ 
|fc2-fc|<4 

<\\R{s)\\li Y ^''\\PkAs)\\Li 

|fc2-fc|<4 

<p(s)||^.2'=2-'^Sfc(a)(l + .22'=)--+iCi(5,t). (6.43) 
By Holder's inequality, \v\ = 1, and ()6.34p . 

Y \\PkiPkMs)p<k-Mm\Li<\\p<k-Ms)\\L^ Y WPkM^n^ 

|fci-fc|<4 |fci-fc|<4 

< 22'=(1 + s22^)-'^i2-'^Sfc(f^)- (6.44) 

From Bernstein's inequality, Cauchy-Schwarz, (j6.4ip . and a > 25 with 
([T3T]) . it follows that 

Y \\Pk{P>k-4R{s)PkAs))\\Ll 

k2>k-A 

< Y 2'\\P>k-4Ris)PkMs)\\Li 
k2>k-4: 

<\\R{s)U22'' Y \\P>'As)hi 

k2>k-A 

<\\R{s)\\li2^ Y 2~'^^-^k2{^){l + s2'^-r'^-+'C,{S,t) 

k2>k-A 

<p(.)||i.2'^2-'^S,(a)(l + s22'=)-'^^+iCi(5,t). (6.45) 
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Using the decomposition ()6.42p in ()6.40p and combining the estimates (I6.43p . 
(f6^ . and (f6^ imphes 



roc 

2'''\\Pkv{s)h^^ < / 2'^'\\P,{R{s')v{s'))h2 ds' 

J s 

POO 

J s 

Applying Cauchy-Schwarz in s, we obtain 



/oo 

+ Ciis,th,{a)i^J \\R{s')\\l,ds'j X 

X (^^"22'=(l + s'22'^)-2-i+2 ds'y 

<7fc(a)+Ci(s,t)7fc(a)f r||i?(s')lli2 ^is') . (6.46) 



1/2 
1/2 

1/2 



As noted in (I6.15p . it holds that \A(p\ < y^ + ei, and so it follows from the 
representation (j6.27p of R that 

\R{s,x,t)\ < |ei(s,a;,t)| + \y/^{s, x,t)\. (6.47) 

As (|6.47p implies 



/•oo 

/ \\R{s)\\l2 ds< We^W LI ^ + \\ei\\l, , 



we therefore in view of (j6.2p with k = 1 and (j6.4p may choose 5" large so 
that the integral of the R term in (j6.46p is small, say < e. Then 

Ci{S,t)<l + eCiiS,t) 

so that Ci(5) < 1 for such 5. In fact, together (j6.2p and (j6.4p imply that 
we may divide the time interval [0,oo) into Oe(,(1) subintervals Ip so that 
on each such subinterval 

/ \\R{s)\\l, ds<e\ 

J Ip 

Hence by a simple iterative bootstrap argument we conclude 

Ci(0,t)<l. (6.48) 
As (j6.48p is uniform in t, we have 

\\Pkv{s,-MLl < (l + 522'=)"-i+i2-'^Sfc(a). (6.49) 
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By repeating the above argument with w in place of v (and appropriately 
modifying the boundary condition at oo in (]6.36p ). we get 

\\Pkw{s,;t)\\Ll < (l + .22^)-'^^+^2--S(a). (6.50) 

and 

supsup(l + sr/^2''''\\Pkd?w{s)\\L^Ll < oo, 
s>o fcez 

i.e., (|2.35p and (|2.36p respectively for w. □ 
Proof of ( f07| j. Recall that 

= -dmV ■ if - idmW ■ if. (6.51) 

Our first aim is to control ||Pfc^2;||j;^c«^2 . Toward this end, we perform a 
Littlewood-Paley decomposition of dmV ■ (p: 

Pk{dmV ■^)= ^ Pk {P<k-^dmV ■ Pk2^) + 

|fc2-fc|<4 

Pk{Pk,d„,vP<k-5^) + 

fci-fc|<4 

X] Pk (Pk.dmv ■ Pk.if) . (6.52) 

fcl,fc2>fe— 4 

|fci-fc2|<8 

To control the low-high frequency term we apply Holder's inequality, energy 
decay, and (I6.25P with Bernstein's inequality: 

\\Pk{P<k-5dmV ■ Pk2f)\\Ll^ ^ Y \\P<k~5dmV\\L2\\Pk2f\\L^ 
|A:2-fc|<4 |fc2-fc|<4 

< (1 + s22'^)-'^i2'=2-'^Sfc(^T). (6.53) 

We control the high-low frequency term by using Holder's inequality, \ip\ = 1, 
and dOOjl : 

Y W^kiPkidrnV ■ P<k-5V)\\Ll ^ Y II ^^i ^"^"^ II ^1 II ^<fc-5'/'IUg° 
|fci-fe|<4 |fci-fc|<4 

< (1 + s22'=)-'^i2'=2-'^'=7fc(CT). (6.54) 

To control the high-high frequency term, we use Bernstein's inequality and 
Cauchy-Schwarz, energy conservation and (|6.25p . and (|2.3ip : 

Y \\Pk(.Pk,d^V ■ Pk2^)\\Ll < Yl ^'\\Pk,dmV\\Ll\\Pk2^\\Ll 
ki,k2>k-A ki,k2>k-4 

|A:i-A;2|<8 |fci-A:2|<8 

<2' Y (l + s22'=^)"''^2-'^'=^7fc,(a) 

fc2>fc-4 

<(l + s22'=)-i2^2-'^S,(a) (6.55) 
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We conclude using ()6.53p . ()6.54p . and ()6.55p in representation (I6.52p that 

\\Pk{dmV ■ f)\\Ll < (1 + s2^'^)--^2>^2~^^^u{a)- (6.56) 

By repeating the argument with w in place of v, it follows that (j6.56p also 
holds with vj in place of v. Therefore, referring back to (|6.5ip . we conclude 

\\PM\lI < (1 + s22^)-"^2'=2-'^S(a). 

As this bound is uniform in t, (I2.37P holds for ■0m- 

Recalling that 

Am = dmV ■ W, 

and repeating the above argument with w in place of (p and ()6.50p in place 
of (|6.25p . we conclude 

\\PkA,is)h^Ll < (l + s22fc)-'^^+^2^'2-'^Sfc(cT). 

□ 

7. Proofs of parabolic estimates 

The purpose of this section is to prove the parabolic heat-time estimates 
stated in §4.11 Many of these estimates have counterparts in [3] . Neverthe- 
less, our proofs are more involved since we only require energy dispersion, 
which is weaker than the small-energy assumption made in ^ . Some of the 
estimates in §7.21 are new. 

Throughout we assume ei energy dispersion on the initial data as stated in 
(j4.4p and we assume that the bootstrap hypothesis (14. 6p holds. Let ai G Z_(_ 
be positive and fixed. We work exclusively with a G [0,(Ti — 1], even if this 

7 /5 

is not always explicitly stated. Set e = for short. 

In this section we extensively use the spaces defined via (j3.2p . They pro- 
vide a crucial gain in high-high frequency interactions, which is captured in 
Lemmas 17.21 and 17.141 

Lemma 7.1. Let f G Ll^{T), where \ki - k\ < 20, let < < 1/2, and 
let h G Ll{T). Then 

\\Pk{f9)\\Fu{T) ^ ll/llFfcj(T)llffl|L?^, 
\\Pk{fg)\\s^^'(T) ^ II/IIf,^(T)2'^"'||5||^2/.'^^^ 

Moreover, for fki,9k2 belonging to L\^{T) , L'j.^{T) respectively, and with 
1^1—^2! < 8, we have 

||-Pfc(/fci9fc2)llir^(j')nsy^(T) ~ 2''2(^2-fc)(i-'^)||j^j|^^^^^^||^^_^||^g^^^^^ 
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Proof. For the proofs, see [H §3]. □ 

Lemma 7.2. Assume that T £ {0,2^'^], f,g £ H°°''^{T), Pkf G Ffc(r) n 
5^(r), Pkg G Ffc(T) for some u G [0, 1/2] and all k€Z, and 

"fc = X] ll^i/lli^j{T)n5^"{T), = X ||Pj5||i;'^,(T). 

|j-fc|<20 |j-fc|<20 

Then, for any A; G Z, 



Proof. For the proof, see [H §5]. □ 

7.1. Derivative field control. The main purpose of this subsection is to 
estabhsh the estimate (14.12p . which states 

\\PkMs)\\F,iT) < (1 + s2^''y^2~-%ia). 

In the course of the proof we shall also establish auxiliary estimates use- 
ful elsewhere. Estimate (j4.12p plays a key role in controlling the nonlinear 
paradifferential flow, allowing us to gain regularity by integrating in heat 
time. The proof uses a bootstrap argument and exploits the Duhamel for- 
mula. 

Recall that the fields ipa, Aa, a = 1,2,3, {ip3 = ipt,A3 = At) satisfy (|2.20p . 
which states 

We use representation ()2.22p of the heat nonlinearity: 

Ua ■■= 2iAcdeipa + iidiAi)7pa - Alipa + illn{'4>a^Pe)1pi■ 
Hence 'i/'o admits the representation 

Ms) = e'^^Mso) + f e(^-^')^f/„(s') ds' (7.1) 

for any s > sq > 0. 
For each /c G Z, set 

a{k):= sup {l + s2''^)^ \\Pki^m{s)\\F,{T). 

m=l,2 

and for o G [0, ai — 1] introduce the frequency envelopes 

afc((T)= sup 2-'^l'=-^l2'^^a(j). (7.2) 
iez 

The frequency envelopes 0^(0") are finite and in l'^ by (12:381) and (f3TD . 
Our goal is to show afc((T) < hk{a), which in particular implies (j4.12p . 
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Lemma 7.3. Suppose that ipx satisfies the bootstrap condition 

\\PMs)\\p^^T^^sl^2^T) ^ ^p'^'bkil + s2^>')-\ (7.3) 
Then ( f^TTj ) holds. 



We can take Ep = e}^^*^, for instance. As in [3], this result may be strength- 
ened to 



Corollary 7.4. The estimate Ili4-i3 ) holds even when the bootstrap hypoth- 
esis |7.3|j is dropped. 



Proof. Directly apply the argument of ^ Corollary 4.4], which we omit. □ 

The sequence of lemmas we prove in order to establish Lemma FT . 3 1 culminates 
in Lemma 17.111 which controls the nonlinear term of the Duhamel formula 
(j7.ip by 2~'^^afc((T) along with suitable decay and an epsilon-gain arising 
from energy dispersion. Its immediate predecessor, Lemma 17.101 controls 
PkUm in Fk{T). 

Referring back to (j2.22p and seeing as how Um contains the term 2iA£di'ipm, 
we see that in order to apply the parabolic estimates of Lemma 1 7. II toward 
controlling Pj^Um, it is necessary that W6 first control Pf^Ajji in Fk{T) in 
terms of the frequency envelopes {a^((T)}, and it is to this that we now turn. 

For k,koeZ and s G [22^0-1^ 22^'o+i), set 

f EJ=>M<^) k + ko<0 

( 2^+^"a_fe„afe((j) fc + A;o > 0. 
Let C be the smallest number in [l,oo) such that 

\\PkAM\\F^^T)nsl^2^T) ^ + ^22')"'2-'^'=6fc,.(a) (7.4) 

for all s G [0,oo), k £ Z, m = 1,2, and a £ [0,(Ji — 1]. While this constant 
is indeed finite, it is not a priori controlled by energy. To show that C is 
indeed controlled by energy, we use the integral representation 

/oo 
lm{i^{diipi + iAiiPi)){r) dr (7.5) 

and seek to control the Littlewood-Paley projection of the integrand in 

1 /2 

Fk{T) n SjJ (T). We treat differently the two types of terms in ()7.5p that 
need to be controlled. In Lemma 17.51 we bound terms of the sort Pki'fpx'^l'x) 
and Pk{ipxdxipx) in Fk{T) n {T). In Lemma [U we combine the esti- 
mate on Pkii^xi^x) with (17. 4p to obtain control on Pk{tpx''PxAx), gaining an 
epsilon from energy dispersion. Using (j7.5p and exploiting the epsilon gain 
from energy dispersion will lead us to the conclusion of Lemma 17.71 C < 1. 



CONDITIONALLY GLOBAL SCHRODINGER MAPS 



73 



We use the following bracket notation in the sequel: 

Lemma 7.5. For any f,g G {ipm,W^ : m = 1,2}, r £ [2"^^"'^ ,2'^^+'^], j G Z, 
i = 1,2, and a € [0, fii — 1], we have the bounds 

\\Pk{f{r)g{rm^^^^^^g^f.^^^ < (2^-+^r'2-'^^'2-%_,a^,,(,,_,)(a). (7.6) 
and 

\\Pkifir)dMrmp^^T)r^sl/\T) < (2^'+')~'2-'^^2-%„,(2^a,(<7) + 2-%„,-(a)). 

(7.7) 

Proof. By Lemma 17.21 with w = we have 

lln(/9)ll^^(^)n5V2(r) <E2W£ + E2W£, (7.8) 

i<k l>k 

where, due to the definition (j7.2p . and satisfy 

«fc < (2^^+'=)-«2-'^'=afc(a), < (2^-+'=)-8afc. (7.9) 

Turning to the high-low frequency interaction first, we have using ()7.9p and 
the frequency envelope property (j2.29p that 

2^akPt < {2^+^)~^2~''^2-^ a.j Y{2^+^)'^2^^^2^\i+^\ak{<j). (7.10) 

l<k l<k 

Thus it remains to show that 

J^{2^+Y^2^+^2'\^+%,(a) < a^ax(fc,_,)(a), (7.11) 

£<k 

which follows from pulling out a factor of afc(cr) or a-j{a), according to 
whether k+j>Oork+j<0, and then summing the remaining geometric 
series. In case k + j < we pull out a factor of a_j(cj) via (|2.29p . 

Turning to the high-high frequency interaction term, we have 

2%/3£ < {2^+'')-^2-''''2-^a-j ^(2^'+0-S2^'+^2'5|^'+^laKa), (7.12) 
e>k e>k 

and so it remains to show that 

^(2^-+^)-82.+^2'^b+^|«^(^) < a^,,(fc,„,)(a). (7.13) 

e>k 

When k + j > 0, we have using (j2.3ip 

Y{2^+^y'2^+^2'\^-^%,(a) < a,(a)j; 2(2^-1)0-+^) < a,(a). 

e>k i>k 

Uk + j <0, then we control the sum with (fOOl) if i + j <0 and with ^^H} 
ili + j>0. Hence (iTlSll holds. 
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Together (l7:8]) - (l7m imply (fTIH]) . 



To establish (j7.7p we follow a similar strategy. By Lemma 17.21 with u = 
we have 



||Pfe(/5,5)||^^(^)n5i/2(^) < 2'ai/3k + ^ 2^afc/3, + ^ 2^a,/3,, (7.14) 

£<A: e>k l>k 

where 

«fc < (2^-+^)-82--'=afc(cT) (7.15) 
for any cr G [0, o"! — 1] and 

< (2^-+'=)-82'^2--^^afc(<T) (7.16) 

for any a S [0, iTi — 1]. 

Beginning with the low-high frequency interaction, we have 

Y.'^'aA < (2^'+^^)-«2-'^'=2'^afc(a) j;(2^'+^)-82^a,, (7.17) 

e<k l<k 

and so it remains to show that 

Y,{'2'^'r^2'a, < 2-^a_,. (7.18) 

l<k 

If A; + j < 0, then (ITIHD holds due to (fTaO]) . If A; + j > 0, then we apply 
(fOOj) and (fOTI) according to whether £ + j < or £ + j > 0. 

Turning now to the high-low frequency interaction, we have 

Y,2'akl3i < (2^'+^)^82-afc2-Jo_^.2fcafc(a) ^(2^-+^)-82^-^2^+^2^l^+^'l . 
e<k e<k 

(7.19) 

We need only check 

^^2J'+^)-82^-'=2^+^2'^l^+^'l < 1, 

i<k 

which can be seen to hold by breaking into cases k + j < and k + j > 0. 

We conclude with the high-high frequency interaction: 

J^2^a,/3, < (2^'+'^)-«2-'=^(2^-+^)-822^a,(a)a, 
e>k e>k 

< (2^^+'=)-82-'^'=2-2Ja,a,-(c7) J^(2^^+^)-822^+2^22^l^+^^l. (7.20) 

e>k 

Here 

^^2J+^)-822^+2J22'^l'^+^'l < 1, 
e>k 

which is seen to hold by considering separately the cases k+j > 0, k+j < 0. 
Combining ([TT71) - ([7T1) . we conclude ([7^1) . □ 
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Lemma 7.6. Let 

f{r) G {A::ir)Mr) ■m,£= 1,2}, g{r) G {A^r) : m = 1,2}, 
andr G [22^-2,22^+2]. Then 

eC2~''^2^'^^a^ja^j{cj) k + j<0 

< 

^ eC{2^+'')~^2~''''2~^^bk,r{(T) k + j>0. 



Proof. We apply Lemma O By (jTle]) and ([731) 

akir) < 2"'^'=(2-'-+'=)"«2-^a_,a„,,.(,,_,-)(a) (7.21) 

and 

/3fc(r)<C2-^(2^'+^)-86,,,(a) (7.22) 
hold for any a G [0, di — 1]. 

We consider six cases, treating separately the low-high, high-low, and high- 
high frequency interactions, which we further divide according to whether 
+ J > or A; + j < 0. 

Low-High frequency interaction with k + j > 0: 

Using d73T]) and ^32^, we have 

J2 2'«^A < C(2^+^r'2-'^'=2-2^-6,,,(a) J] 2^22^ a,, (7.23) 

£<k e<k 

and so it remains to verify that 

^2^22ia,<£. (7.24) 

e<k 

Taking cr = in the bounds in:2Th for ae and using (f2:29D . (fOTT) yields 
5^2^22%, < 5](2^+^)-82^22^2-%_,a_(,,.,.) 

= 2^+^a2_^. + (2-''+^)~«2^+^a_,a, 

£<-j -j<i<k 

-j<^<fc 

which proves ()7.24p . 



High-Low frequency interaction with k + j >0: 
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Taking a = in the bounds for bi^r, we have 

< C(2^'+^)-S2-'^^2"2^6fc,,(a) Y^i'^^^'^'^'^'hr, (7.25) 

and so it remains to show that 

Y^{2^+Y^2'-%,r < e. (7.26) 

£<k 

SpUtting the sum as follows, 

l<k l<-j q=l ~j<e<k 

we note that the first summand is controlled by 

^ l^^HiyS^i^k g ^2 < ^2 ^. ^ ^e^k g 2-2.0-+,) 
i<-j q=e e<-j g=e 

< al, < e. 

The second summand by may be handled similarly, thus proving (j7.26p . 

High-High frequency interaction with + j > 0: 

Taking a = in the bound ()7.22p for we have 

^2^a,/?, < (2^-+^)-82'= J]2^-'=2-^2-^a_,a,(^)C2^+ia_,a, 

i>k i>k 

<C{2^+Y^2--''2~^^bkA^)x 

X J^(2^^+0-82^-fc2'^(^-fc)2^+ia_,-a, (7.27) 

£>k 

and so it remains to show that 

Y^{2^+'y^2'-^2^^'~^h'+^a^,ae < e, (7.28) 
e>k 

which follows, for instance, from pulling out a^j via (j2.29p and summing. 

In view of (j7.23p - (|7.28p . it follows from Lemma 17.21 with u = that 

\\Pkifg){r)\\p^^^^^,i/2^^^ < eC{2^+'y'2~^'2-'^b,Aa) for + j > 

(7.29) 

as required. 

Low-High frequency interaction with k + j < 0: 
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In this case it follows from (17.221) that 

-i 

p=k 

SO that 

e<k p=k e<k 

-j 

< C2-^''2-^^a-ja-j{a) ■ a.j ^ ap2-'^(^+P) ^ 2^+^'. (7.30) 

p=k e<k 

It remains to show 

a_,f;a,2-^0+^)j;2^+^<., 
p=k e<k 

which follows from pulling out Op as an a_j via (j2.29p and summing. 
High-Low frequency interaction with k + j < 0: 

In this case 

^Wf^i < C2-2%_,a_, (a) Y E (7-31) 

£<fc l<k p=£ 

and so we need to show 

e<k p=e 

which follows by pulling out a^j and summing. 
High-High frequency interaction with k + j < 0: 

As a first step we write 
2fc^2(^-^)/2a,/3, = 2'= Yl 2(^-^')/2a,/3, + 2'= 2(^-'=)/2a,/3,. (7.32) 

e>k k<l<-j £>-j 
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The first summand is controlled by 

2fc 2^^-''^/^aipi<C2-''''2-'^^a_ja.j{a)x 

k<i<-j 

^ ^ii-k)/2^k+j^-aii-k)Yal. (7.33) 

k<l<-j p=l 

We have 

k<i-<-j p=e. k<e<~j 

<e, 

which establishes the desired control on the first summand. 
The second summand is controlled by 

xC{2^+Y^2^^^a_jae 
<C2-'^'=2-2Ja_ja_j(a)x 

J2 2(^-'=)/22'=+J-2(i+^)(^+^-)a„,a,, (7.34) 



X 

£>-j 



and so it remains to show that 



Y 2(^-'=)/22'^+^2(i+^)(^+-'')a_,-a, < e, (7.35) 
i>-j 

which follows from pulling out a^j and summing. 

Combining (17.30p - (j7.35p . we conclude from applying Lemma [72] with lo = 
1/2 that 

lln.(/5)(0llp,^(r)n5V2(y) < eC2-^''2~'^a^,a.,ia) for k + j<0, 

which, combined with ()7.29|) completes the proof of the lemma. □ 
Lemma 7.7. For any k £ Z and s G [0, oo) we have 

\\PkAM\\p^^T)nsl^^iT) ^ (1 + s2''^)-^2-'^%,.,{a). 
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Proof. From representation ()7.5p for Am it follows that 



+ 



(7.36) 



Taking A:o G Z so that s G [22^0-1^22^0+^) and using (|7.7p . we have that the 
first term is dominated by 

E / , ^ ll^'fc(V'^m(r)a,VK0)ll^^(^)n5V^(T)'^- 

< 2-^'^ C^'^'r'i^'-^'a.M^) + a.,a.j{a)). (7.37) 
j>fco 

We claim that 

^ (2^-+'^)-8(2^-+^a_,afc(a) + a_,a„,-(a)) < (1 + s2'')-%kA<^). (7.38) 

When /c + /co > 0, it follows from (f2:29]l that the left hand side of (17:38]) is 
bounded by 

j>ko 

< bksicr) ^ (2J'+'^')~'^(2(^+^)(^"''o) + 2(''"^)(''o+'')22'^(^~''")), 

(7.39) 

and so it suffices to show 

'Y^(^2^+i'^-82'^U-ko) < ^2^+koyS^ (7.40) 

which follows from series comparison, for instance. 

Together (17:40]) and (17:39]) . show that (17:38]) holds for k + ko > 0. 

If, on the other hand, k + ko < 0, then we split the sum in (I7.38P according 
to whether j + /c < or j + /c > 0. In the first case, 

J2 {2^+')-'{2^^''a.,ak{a) + a.ja.j{a)) 

ko <j<—k 

< (2'^«+^r'&fc,s(a) + (2^'+')-'2^'+^a_,afc(a). (7.41) 

ko<j<—k 
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Then 

fco<j<— fc ko<j<—k 

~(l + s22^rV^(^)- (7-42) 

When J + A; > we have 
j>-k 

j>-fc 

< ^'fc.sW. (7.43) 

Therefore ([7^ and (f7^ imply ([7138]) holds when A; + fco < and j + A; < 
and (j7.43p implies it holds when both k + < and j + k > 0. 

Having shown (j7.38p . we combine it with (j7.37p . concluding 

\Pki^{r)diMrmF^^T)nsl/\T)^'^ ^ + s2"'r'2-'^'bkAa). (7.44) 

We now move on to control the second term in (j7.36p . By Lemma 17.61 and 
(j7.38p . this term is bounded by 

< C2-'^'e (2^-+^)-8(l_(fc + j)a_,a_,(a) + U{k + j)b,^,.,{a)) 

j>ko 

<C2-^'^e{2'^^+'')-\,M'^). (7.45) 

Together ([736]) . (17^ . and (I7:i5]l imply 

\\P,AM\\^^^T)nsl/\T) ^ 2-'^'(l + s2'')-%,^,ia)il + Ce), 

from which it follows that C < 1 + Ce and hence C < 1, proving the lemma. 

□ 

Lemma 7.8. It holds that 

^2-^>'2-^a^ja^j{a) if k + j < 



e2-^>'2-^bko2,{a) ifk + j>0. 



Proof. We apply Lemma 17.21 with f = g = Ai and = so that 



i<k e>k 
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where 

Case k + j <0: 



We first consider tlie case k + j < and proceed to control the high-low 
frequency interaction. We have 

l<k e<k 

—j —j 
<2-'^'Y.^,a,{a)2'YY.^l 

p=k e<k q=i 

< 2--^a_,a_,(a) ^2V_, ^2-2^(^+''). (7.46) 

p=k £<k q=i 

It remains to show 

J2 2-2<50-+rt Y 2'al^ Y ^^^'^'"-'^ < (7-47) 

p=k i<k q=l 

which follows from bounding o?i- by e and summing. To control the high- 
high interaction term we first split the sum as 

^2W^< Y 2%/3, + 2V/3,. (7.48) 

£>fc k<e<-j i>-j 

The first summand is controlled by 

k<e<-j k<i<-j 

<2--^2-^- Y 2^^'Yapa,ia)Yal 

k<e<-j p=i q=i 

Pulling out a^ja^j{a) and summing implies 

Y 2V/3,<e2--^2-^a_,-a_,-(a). (7.49) 
k<e<-j 
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The second summand is controlled by 

e>-j e>~j 

< 2-^'^ Yl 2^(2-''+'>-'22(^+^-)a2_^.a,a,(c7) 

<e2-''^2-^a-ja.j{a). (7.50) 

Combining ()7.46p - (l7.50p . we conclude 

ll^fc^l(0ll^^(r)n5V2(y) < E2-'^H-^a.,a.,{a) for A: + j < 0. (7.51) 



Case A: + j > 0: 



We now consider the case k + j > and turn to the high-low frequency 
interaction, splitting it into two pieces: 

5^2^afc/3,< 2^afc/3,+ Y ^'"A:/^^ (7-52) 

£<k £<-j -j<i<k 

The first summand is controlled by 

Y 2'«fcA < 2-'^'=2-^6,,2.,(^) Y 2'+^'(2^-+^)-86,,22,, (7.53) 
i<-j i<-j 
and so we need to show 

Y2'+^2^+')-\,.,<s, (7.54) 

£<-j 

which follows from 

Y^''''^e,2-^E^'-''i:4 

e<-j e<-j p=e 

< a^_, Y 2(^-^^)(^+^-) < e. 

£<-j 

The second summand in (I7.52p is controlled by 

Y 2'akPi<2--'^2-^hu,^.,{a) (2^'+0-'2^+^'(2^'+'=)-82^+^a_,a,, 

~j<e<k j<^<k 

(7.55) 

where we note 

Y {2^+')-^2'''+^^a.,a,<alj Y {2^+')-^^-^'^^'+^^ 

-j<l<k ~j<i<k 

< 8. (7.56) 
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We now turn to the high-high frequency interaction. We have 

e>k e>k 

e>k 

< 2-^''2~^bk,22,{a) ^(2^'+0"'2(i+^)(^-^')22(^+^-)a_,a,. (7.57) 

i>k 

It remains to show that 

Y^^^j+YS2{i+m-k)22{i+j)^_^^^ < e, (7.58) 

e>k 

which follows from bounding a-jag by e and summing. 
Together (I732l) - (f738] ) imply 

\\PkAj{r)\\^^^^^^^,/,^^^ < 62-^2-^6,,22.(a) for A; + j > 0, 

which, combined with ()7.5ip implies the lemma. □ 
Set 

{2-ia_ja_j{a) ii k + j < 
(7.59) 
22'=+Ja_jafc(o-) if/c + j>0. 

Lemma 7.9. Let r E [2"^^-^ ,2^^+^] and let 

F G {Ald^Ae, fg : i = 1,2; f,ge {Vm, : m = 1, 2}}. 

Then 

||P,F(r)||^^^^^^^^v.^^^ < {2^+'y'2-^''ckA'^). (7-60) 

Proof, li F = Aj, then (|7.6U|) is an immediate consequence of Lemma 17.81 
when k + j < 0. If A; + j > 0, then Lemma 17.81 implies 

ll^'^^'(^)llF,(T)n5y^(T) ^ ^2-'^'=2"^2'=+%„,a_,(a), 

and multiplying the right hand side by 2^~^^ yields the desired estimate. 

Consider now the case where F = d^A^. By Lemma 17.71 we have 

\\Pk{d,A,){r)\\^^^^^^^y,^^^ < 2\2^^>'y'2~'^%^,.,ia). (7.61) 

When k + j > 0, we rewrite (j7.6ip as 

\\P,{d,Ai){r)\\^^^^^^^if.^^^ < {2^+')~'2-'^'2''2'+^a.M^)^ 
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which is the desired bound (I7.60p . If A: + j < 0, then (I7.6ip becomes 

p=k 

If F = fg, fg as in the statement of the lemma, then (|7.60|) follows directly 
from (|7.6p when A; + j < 0. If + j > 0, then to get (|7.60p we multiply the 
right hand side of (US]) by 22^+2^. □ 

Set 

dk,j := e(2-''+^)^«2^"'=22'=(afe((j) + 2~^^''+^y^a-j{a)). (7.62) 
Lemma 7.10. It holds that 

||P,C/^(r)||^^^(^^^^V2(^) < .(2^-+'=)-82-^22^(afc(a)+2-3('=+^-)/2a„,(a)) =: 4,,. 

Proof. Using now (12.2ip instead of (12.22p . i.e., taking now 

Ua = iAiditpa + idiiAiiia) - Altpa + iIm(V'a'i/'^)V'^, 
we have that it suffices to prove 

||Pfc(F(r)/(r))||^^(^^^^V2(^) + 2^||Pfc(A,(r)/(r))||^^^^^^^v.^^^ < 

where 

F e {Aj, diAi, gh: e = 1,2; f,h£ {-0™, Vv^ : m = 1, 2}} 

and / G {tpm,'ipm ■ fn = 1,2}. We consider the terms Pk{Ff), and Pk{Af) 
separately. 

Controlling Pk{Ff): 

We apply Lemma 17.21 to Pk{Ff), handling the different frequency interac- 
tions separately and according to cases. We record 

at < (2^-+'=)"82-'=Cfe,,(a), 

a consequence of (j7.60p . 
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Let us begin by assuming k + j<0. For the low-high frequency interaction, 
we have 



e<k e<k 



<2--^a,(cT)5^2 



Kk 



< e2-'^^'2'=-J'2-^(^+j)a_j((T). (7.63) 
In a similar manner we control the high-low frequency interaction by 

J]2^afc/3,<2-'^^Cfc,,(^7)^2V 
e<k e<k 

<2--^2-^a_,a_,(a) J]2% 
e<k 

<e2-''^2^-U_j{a). (7.64) 

The high-high frequency interaction we split into two cases: 

2fe^2(^-^)/2a,/3,<2'^ ^ 2(^-^^)/2a,/3, + 2'= J] 2(^-'=)/2a,/3,. (7.65) 
i>k k<e<-j e>-j 

We control the first summand using the definition (j7.59p of Ck^j{a), the 
frequency envelope properties ()2.29p . (j2.30p . and energy dispersion: 

2fc ^ 2(^-'=)/2a,/3, < 2^^ Yl 2(^-'=)/22-^c,,,(a)a, 

k<l<-j k<£<-j 

k<l<-j 

< 2-'^^2'=-^2-(^+^')/2a_,(a)G_, Yl 2(^+^^)/2a, 

k<£<-j 

< e2-'^'^2^-J2-('=+J')/2a„j(f7). (7.66) 



In like manner we control the second summand: 

2^ ^ 2(^-'=)/2a,/3, < 2' Y (2^'+0"'2(^-'=)/22-'^^Q,,-(a)a, 
i>-j i>-j 

<2'^Y (2^'+')-'2(^-'=)/22-'^^22^+^a.,-aKa)a, 

< e2"'^'=2'=-^2-(^+J')/2a„j.(c7) (7.67) 

Combining (|7.63p - (l7.67p . we conclude 

\\P,{F{r)f{r))\\^^^^^^^.j,^^^ < e2--'2''-^2-(''+^y'a.,{a), k + j< 0. 

(7.68) 
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We now turn to the case A; + j > 0. In the low-high frequency interaction 
case, we have 

i<k e<k 
< (2^+'=)-S2-'^'=22'=afc(cT)x 

^e<-j -j<i<k 

To estimate the first term we use 

«-i Yl < e2-(^'+^') • 2-(^'+'^) < e (7.70) 

e<-j 

and for the second 



(7.69) 



-j<e<k 



{2^+')'^2'+h''-^''ae 



-j<i<k 

<a^,au Y (2^'+0-82^+^2(2-'5)(^-'=) <e. (7.71) 

-j<e<k 

In the high-low frequency interaction case, we have 

Y^W(3, < {2^^')-'2--'c,,{a)Y{^^+')-'2% 
l<k e<k 

< {2^+^)~^2-''^2^^+^a^jak{a) ^(2^'+^)-82^a, 

e<k 

< {2^+^)~^2-''^2'^^ak{a)al.. (7.72) 



In the high-high frequency interaction case we have 
^2^a,/3, < Y{2^-'Y'2'2~'^'a,{a)c,, 



e>k i>k 



< (^23+ky8^-ak J2{2^'-')-^2'ai{a)2^'+^a.jae 



e>k 



< {2^+^y^2~''''2'^''ak{<j)al^. (7.73) 

From (j7.69p - (|7.73p we conclude 

||Pfc(F(r)/(r))||^^^(^^^^,/,(^^<e(2^-+'=)-82--^Afe( k + j>Q. 

(7.74) 
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Controlling 2^Pk{Af): 

We now apply Lemma 17.21 to P^^{A^f). Note that 

because of Lemma 17.71 and that 

Pk < (2^'+^)-82-^fc„^,(^). 

We begin by assuming k + j < 0. The low-high frequency interaction is 
controlled by 

^2%/3fe<2-'^'=afc((7)J^2^J^a| 

l<k p=i 

Summing yields 

2'= Y < 22'=2-"^2-('=+J')/2a^^.a„j(a). (7.75) 

e<k 

Control over the high-low frequency interaction follows from 

e<k p=k e<k 

< 2^'2-"'=2-2'5('=+j)a_jafca_^(c7). (7.76) 

We now turn to the high-high frequency interaction. We begin by splitting 
the sum: 

2fc^2(^-^)/2a,/3,<2'= Y 2(^-'=)/2a,/3, + 2'= J] 2(^-'=)/2a,/3,. (7.77) 
e>k k<e<-j e>-j 

Then 

2' Y 2(^-^-)/2a,/?,<2^2--^a_,(a) ^ 2^'^''^^^2~'^^+'^ 
k<e.<-j k<e<-j p=e 

< 2''2-''''2~^''+^^/'^alja^j{a). (7.78) 
As for the second summand, we have 

2fc ^ 2(^-'=)/2a,/3, < 2^ ^ (2^-+0~'2(^-'=)/22^+%_,a,(a)2-'^^a, 

< 2^2-'^^2-('=+^)/2a2 a_j.(cj). (7.79) 
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Combining ([775]) - ([7779]) yields 

2'=||Pfc(^,(r)/(r))||^^^^^^^^,/.^^^ < e2^^2-'^^2-^'^^^)l^a^,{a) k + j<0. 

(7.80) 

Now let us assume that k + j > 0. The low-high frequency interaction we 
first split into two pieces. 

5^2%/3fe< ^ 2%/3fc+ 2%/3fc (7.81) 

e<k e<-j -j<t<k 

For the first term, we have 

5^ < (2^+V2-'^'=a.(a) ^ f;a^ 

i<-j i<-j p=i 

-j 

< {2^+^)-^2-''''aljak{a) ^ 2^ ^ 2-2'5(J+p). (7.82) 

i<-j p=i 

Then 

Y^2'Y, 2-25(i+rt < 2^2"2^(-''+^) < 2~^ < 2\ (7.83) 
i<-j p=e e<-j 
As for the second summand, 

2W. < (2^'+'>-«2-<^^a,(a) (2^-+^)-82^2^+^_,a, 

-j<i<k -j<l<k 

< (2-''+'=)-S2-"'^2^a2^.afc(a). (7.84) 

The high-low frequency interaction is controlled by 

^2V/3£ < (2^'+''r'2-'''2'^+^a_,afc(a)5^(2^'+0-'2V 

< (2-''+'=)-82-'^*^2^a^jafe(a). (7.85) 

Finally, the high-high frequency interaction is controlled by 

5]2^a,/3, < J^(2^-+^)-82^2^+^a_,a,2-^a,(a) 
i>k e>k 

< {2^+^)-^2-'^>^2^a.,auak{a). (7.86) 

Thus, in view of (|7.8ip - f7.86p . we have shown that 

2^||Pfc(^,(0/W)ll^^(^)n5V2(^^ <e(2^'+^^)-«2-'^'^22'^a,(a) A; + j > 0. 

(7.87) 

Combining dZSH]), dZZl]), (f7:80]) . and (jTISTl) proves the lemma. □ 
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Lemma 7.11. It holds that 

II r e(^-^')^P,f/^(.')^^'ll^^(^)n5^/.(^) < e{l + s2'''r'2-'^'a,ia). 

i/ ^ 



Proo/. Let /eq G Z be such that s G [l^'^o-i ^2'^'"^+'^). U k + ko < 0, then it 
follows from Lemma 17.101 that 

II re(^-^)V.f/™(r)dr||^^,(^^^^V.^^^ < J] ll^.f/™(OII^,(^)n.y.(^)^r 

< ^ 22Je2""'=22'=(afc(cT) +2-3('=+J')/2a_j(a)) 

< e2-'^'=afc(a) ^ 22*^+2^(1 + 2-3(^-+i)/22-^('=+j)) 

<e2-'^'=afc(<T). 
On the other hand, if /c + /cg > 0, then 

£jM-^)-P.^.(r)||,^,(,^,,.y.(,^dr 

< E 2"^°('=+'=")22^-4,, + 22'=o4^,^ 
j<fc() 

j<feo 

(7.88) 

By Lemma 17.101 and the fact that /c + /cq > 0, it holds that 
2-''4,fco <e(2'"+')~'2-'^'=afe(a) 

and 

2-20(fco+^-) ^ 22^4^^. 
j<ko 

< 2-20(fco+fc) ^ g^2J^+'=)-S2--^'22^' (22%fc(a) + 2JV22-3fc/2^_ .^^ 



j<ko 



<e(2'=«+'=)-82-'^afe(a), 
which, combined with ()7.88p . completes the proof of the lemma. □ 
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Lemma 7.12. The bound U-l^ holds: 



Proof. In view of (j7.ip . we have 

PMs) = e^^PfcV'm(O) + r e^'-'-^'^PkUmir) dr. 

Jo 

Then it follows from Lemma 17.111 that 

||PfcVm(s)||^^(^)^5i/2(y) < 2~''\l+s2^^)-\bkia)+eakia)), < a < ai-1. 

Therefore ak{(j) < 6^(0") + £0^(0") and hence 

aki^) < bk{a). (7.89) 

□ 

7.2. Connection coefficient controL The main results of this subsection 
are the L^^ bounds (|4.14p and ()4.16p . respectively proven in Corollary 17.191 
and Lemma [7.21l and the frequency-localized L^^ bounds (j4.15p and (I4.17p . 
respectively proven in Corollaries 17.201 and 17.22] 

Lemma 7.13. Let s G [2"^^^^ ,2'^^+'^]. Then it holds that 

m{Ms)i:U.s))\\ ^_ ,^,,,./.,^, < e(l + s2''r\s2'')-y'2'2~'^%{a). 



Proof. Using (TTrSO]) and (f2:29]) . we have 

2>'mMs)i.M)\\^^^r)nslf\T) ^ ^22'=2--^-2-(V2+^)('=+^-)a,(a). (7.90) 
Combining (fT^gOj) . dZSZ]), and (fTIM]) then yields 

( e{s2'^^)-'^/^2^2-''%k{(T) if fc + j < 
||Pfc(^(s)^„(s))|| < <^ 

' [ e(l + s22'=)-42^2-'^'=6fc(cT) if + j > 0, 

which proves the lemma. □ 

Lemma 7.14. Assume that T G (0,22^^], f^g(z H'^'°°{T), Pkf G S'^iT), 
and PkQ G for some oj £ [0, 1/2] and all k £ Z. Set 

|j-fc|<20 |j-fc|<20 

Then, for any k £ Z, 

j<k j^k j^k 
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Proof. For the proof, see [H §5]. □ 
Lemma 7.15. It holds that 



Proof. We only treat V'i(O) since ipsi^) and tpt{0) differ only by a factor of 
i. As iptiO) = i-D^(0)V'f(0), we have 

MO) = idiMO) - Ae{0)il^e{0). 

Clearly 

1 /2 

For the remaining term, we apply Lemma 17.141 bounding PjA£{0) in Sj 
by Yip bp, which follows from Lemma 17771 We get 

j<k P j<k p 

2.J-2-0-^)/^(E^>^)fc,. 

j>k p 

Therefore 

\\p,{A,MmLi^<2%{Y.b]). 

□ 

Corollary 7.16. It holds that 

j 



Proof. Without loss of generality, we prove the bound only for ■0^. We have 
\\PkdiMO)\\Ll^ <2'\\PkM0)\\Ll^ <2'2-'^%{a). 

It remains to control Pk{Ai{0)ipe{0)) in Lf^. The obstruction to applying 
Lemma 17.141 as we did in Lemma 17.151 is the high- low interaction, for which 
summation can be achieved only for small a. If we restrict the range of a to 
a < 1/2 — 26, then we ensure the constant remains bounded and can apply 
Lemma 17.141 as in Lemma I7.15[ 



For a > 1/2 — 25, we can still apply the bounds of Lemma 17.141 to the low- 
high and high-high interactions. For the remaining high-low interaction, we 
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bound A^(0) in Lf^ and V^(0) in L^. In particular, we have, thanks to 
(|7.95p and Bernstein, that 

\\Pk{PnMO)PnMm\Ll^ < E \\PnMmLlJPnMO)\\Lf^^ 

|ii-fc|<4 ' |ji-fe|<4 

|ji-fc|<4 
j2<k+4 

j2<A:+4 

□ 

Lemma 7.17. It holds that 

\msis)\\Lt^ + \\PkMs)\\Li^ < (1 + s2'''r'2%{l + Y b])- 



Proof. We treat only il)t{s) since the proof for ijjsis) is analogous. From ()7.ip 
we have 

Ms) = e^^V't(O) + e(^-'')^C/t(r) dr. 

JO 

We claim that 

II r e^^-^'^^PMr) dr||^4 < e{l + s2''^)-'2%{l + y2b]), (7.91) 

which combined with Lemma [7 . 1 5 1 and a standard iteration argument proves 
the lemma. 

As in the proof of Lemma 17.111 we take 

F e {Al deA^, fg:i=l,2;f,ge {i^m,i^ : m = 1, 2}}. 
By ([TIHn]) and fTlM]) we have 

\\PkF{r)\\^^^2^^^ < £1/2(1 + s2^''r\s2^'^r'>/'2%. (7.92) 
Moreover, by Lemma 17.71 

\\PkA,{r)\\^,;2^^^ < e'/\l + s2^''y'is2^''r'/%. (7.93) 

Applying Lemma 17.141 with w = 1/2 yields 

mF{r)MrmLl+2'\\Pk{Mr)Mr)h^^^^ 

j 

(7.94) 
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Integrating with respect to s yields 

[\l + (s _ r)22'=)-^(l + r2''')-\r2''')-y^dr < 2-2^^(1 + 82^")-', 
Jo 

which, together with ()7.94p . imphes (|7.9ip . □ 



Lemma 7.18. It holds that 

-ak 



llPfcA^ (0)11^4^ < 2-''%kbk{cT). (7.95) 
Proof. We have 

k 

and 

\\Pk{D,^,){s)hi^ < {l + s2^'')-\s2^''r^/^2''2~^%{a). 
Applying Lemma 17.141 with a; = 0, we get 

WPk&MDeMsmLl^ ds 

l=L,Z - 

POD 

< 2-'^'= V bjbk{a)2^+^ / (1 + s22*^)-3(s22'=)-3/8 ds 

+ 2-"^ V 6fc(a)6j2('=+j)/22J^ / (1 + s2^^)-\s2^^r^'^ ds 

POO 

+ V 2~''^bj{a)bj2^-^2^^ / (1 + s22j)-7(s22j)-3/8 ds. 

Call the integrals Ii, I2, and I3, respectively. Clearly Ii and I3 satisfy 
Ii < 2'"^^ and < 2~^-^ . By Cauchy-Schwarz, I2 satisfies 

/poo \ 1/2 / poo \ 1/2 

l2<U {l + s2''')-\l + s2'^)Us] U il + s2'^)-\s2'^)-'/Us] 
< 2~J~^ 



Therefore 

WPkA^mi^i^ < 2-''%{a) {b,2'~' + bj2^'-''^/^) + 2^'^ ^ bj{a)bj2''-^ 

j<k j>k 

< 2~-%bkic7). 

□ 

Corollary 7.19. It holds that 

\\Alm^ <snpblY.bl 
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Proof. We have 

2/n\ll ^ II A /nM|2 



P^(o)IIl? <P.(o)|| 



fegZ 

< sup 6^ • Vfti- 



Corollary 7.20. Let a > 26. Then it holds that 



□ 



Proof. We perform a Littlewood-Paley decomposition and invoke (j7.19p . 
Consider first the high-low interactions: 
\\Pk{PnA,PnA,)\\L2 < 

|i2-fc|<4 \j2-k\<4 
ji<k—5 ji<fc— 5 

< 2~'^%b,{a) hi. 

jl<k—5 

Next consider the high- high interactions: 

Y \\Pk{PnA.PnA,)h2 < Yl \\PnA.\\L4Pj2A.\\L^ 

iij2>fc— 4 iij2>fc— 4 

Iii-i2|<8 bi-i2|<8 

j>k-A 

Using the frequency envelope property, we bound this last sum by 



j>k—A 3>k—i 



< 2-'^%{a) sup b, • Y b] 

It is in controlling this last sum that we use a > 6+. □ 
Lemma 7.21. It holds that 

Pt(o)iiLL ^(i + E^')'Eii^'^V'.(o)iii4 . 
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Proof. We begin with 

/■oo 

Pt(0)||L?. < / m ■ ds. (7.96) 



If we define 

/Xfc(s) := sup 2-^l^-'='l||PfeVt(5)llL4 and Uk{s) ■= sup 2-^l'=-^^'l m 



then 



(7.97) 

• d,^,){s)\\li^ < E '"'^(«) E + E ^'^(^) E c^-ss) 

fc i<fc k j<.k 

Prom Lemmas 17.151 17.121 and 17.131 it follows that 

^^k{s), Ms) < (1 + s2'"')-^2^hk{l + bD- (7.99) 

p 

Combining ([7^ . ([7^ . and ([7^ . we have 

p*(o)iil?,^ <E^'^-(^)E^^-(^) 
fc j<fc 

/>oo 

^(l + E^p)'E2'^fcE2^'^^- / (l + s2'n-\l + s2'')-Us 

P k j<k 

/•oo 

^ (1 + E ^p)' E 2'^^ E 2^'^. / (1 + 

p fc j<k •'^ 

/•oo 

^(i + E^p)'E2''^i / (1 + ^22' 



ds 



^(i+E^p)'E^: 



□ 



As a corollary of the proof, we also obtain 
Corollary 7.22. Let a > 25. It holds that 

llPfcAill^.^ <(l + ^62)^,2-'=6fc(a). 
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Proof. We start by modifying the proof of Lemma 17.21^ taking fik and Vk as 
in dESll). Then 

/•oo 

\\PkAt\\L2 < / \\Pk{i^fDii;e){s)\\L^ ds 
Jo 

° \ j<k j<k j>k / 

Combining Lemmas 17.121 and 17.131 gives a bound on i/f. of 

< (1 + s22'^)-3(522^)-3/82^2"'^'=6fc(a), (7.100) 

which leads to 

POD 

Also, by using (j7.99p for fij^ and (jT.lOOp for Uf^ yields 

■^0 j>k p j>k -^0 

^ {l + Y.bl)Y.^~'''b,{a)b, 

p j>k 

P j>k 

< {l + Y,bl)2-'^%bk{a). 
p 

Here we have used a > 26. It remains to consider 

/ lJ.k{s)Yiyj{s)ds. 
•'^ ,<k 

Suppose that 

fikis) < {l + s2^'^)-^2^2-'^%{a){l + Y,bl). (7.101) 
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Then 

f oo 







ds 



/oo 

/•oo 

< {l + Y.blf2--%{a)2''^2^bJ il + s2' 

p 

= {l + Y,bl?'^-'"'h{a)h. 

p 

Hence it remains to establish ()7.10ip . 

By Corollary 17.161 (jT.lOip holds when s = 0. To extend this estimate to 
s > 0, we proceed as in the proof of Lemma 17.17^ replacing bounds ()7.92p 
and (I7.93P with their a > analogues as needed; that these analogues hold 
follows from the bounds referenced in establishing ()7.92p and (I7.93|) . To 
obtain the analogue of (I7.94p , we apply Lemma 17.141 choosing to use a > 
bounds only over the high frequency ranges. □ 
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